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Quantum Field Theory

• To define a quantum field theory, we must specify the fields and 
how they interact
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• Electrons and positrons interact by exchanging photons, for example

• A field has a value at every point in spacetime

• Particles are local excitations of  these fields
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String Theory

}
These are infinite
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These are finite

These are four dimensional These are ten dimensional

[To prove the consistency of  string theory we 
1X

n=1
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   use the remarkable fact that                       ]

Gravity as a QFT Gravity from String Theory

. . .

•  

Smearing

Xµ : ⌃ ! M
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Sigma model on the string worldsheet gives general relativity



d=11 M-theory

d=10
 Heterotic E8 8

X E

 

S 1

2/Z S 1

Type IIA T
Type IIB

S

Type I S    Heterotic  
Spin(32)

 
  

2/Z
orbifold by Ω

Type I' orbifold by ΩR

T

d=9 T-dual

S 1 S 1 S 1 S 1

T-dual

d=11 SUGRA

• String theory is in fact a web of  interconnected theories in ten (or 
eleven or twelve) dimensions

String Theory

• How do we proceed?



The Forces of  Nature
• Gravitational interactions described by Einstein

Gµ⌫ := Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ =

8⇡GN

c4
Tµ⌫

Newton, Philosophiæ Naturalis Principia Mathematica (1687) 
Einstein, “On the General Theory of  Relativity” (1915)

• Electromagnetism
Maxwell, Treatise on Electricity and Magnetism (1873)

Fermi (1933), Abdus-Salam, Glashow, Weinberg (1968)

Yukawa (1935), Gell-Mann, Zweig (1961), Gross, Wilczek, Politzer (1973)

• Weak force

• Strong force (quantum chromodynamics)

• Mass mechanism
Brout, Englert; Higgs; Guralnik, Hagen, Kibble (1964)



The Forces of  Nature
• Gravitational interactions described by Einstein

Gµ⌫ := Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ =

8⇡GN

c4
Tµ⌫

• Standard Model

↵�1
exp = 137.035999139(31)

↵�1
th = 137.035999173(35)

<latexit sha1_base64="BA24vG3088FP7DZCgSikevEAqO8="></latexit><latexit sha1_base64="BA24vG3088FP7DZCgSikevEAqO8="></latexit><latexit sha1_base64="BA24vG3088FP7DZCgSikevEAqO8="></latexit><latexit sha1_base64="BA24vG3088FP7DZCgSikevEAqO8="></latexit>



The Forces of  Nature
• Gravitational interactions described by Einstein

Gµ⌫ := Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ =
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• Non-gravitational interactions are not encoded as geometry

Theorem [Coleman–Mandula]: symmetry group in 4 dimensions is Poincaré x internal



The Forces of  Nature
• Gravitational interactions described by Einstein

Gµ⌫ := Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ =

8⇡GN

c4
Tµ⌫

• Non-gravitational interactions are not encoded as geometry

Theorem [Coleman–Mandula]: symmetry group in 4 dimensions is Poincaré x internal

• Clever loophole: internal symmetries may arise from higher dimensional 
geometry

R1,3 ⇥ S1
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Kaluza–Klein: 5d Einstein equations give 4d Einstein + Maxwell equations



• Higher dimensional objects in string theory (branes) on which QFTs live

Geometric Engineering

• Ten dimensional theory is consistent

• Ansatz for the geometry is M10 = R1,3 ⇥ CY3
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• Properties of  Calabi–Yau determine physics in four dimensions

Example:                       in simplest heterotic compactification modelsNg =
1

2
|�|
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Candelas, Horowitz, Strominger, Witten (1985) 
Greene, Kirklin, Miron, Ross (1986)



• Higher dimensional objects in string theory (branes)

Geometric Engineering

• Ten dimensional theory is consistent

• Ansatz for the geometry is M10 = R1,3 ⇥ CY3
<latexit sha1_base64="kT8tiHUsbKXRKJcOy5h9bKXq0Gc=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgupCRW0Y1Q7MaNUMU+pIlhMp22QycPZiZCGfIlbvwVNy4UEVzp3zhps9DWAxcO59zLvff4MaNCWta3MTe/sLi0XFgprq6tb2yaW9tNESUckwaOWMTbPhKE0ZA0JJWMtGNOUOAz0vKHtcxvPRAuaBTeylFM3AD1Q9qjGEkteeaJcjBi8Cr1lG2l8Bw6AZID31c36b2yDyspdCQNiJjoPFC1u9SreGbJKltjwFli56QEctQ989PpRjgJSCgxQ0J0bCuWrkJcUsxIWnQSQWKEh6hPOpqGSK901fi9FO5rpQt7EdcVSjhWf08oFAgxCnzdmR0ppr1M/M/rJLJ35ioaxokkIZ4s6iUMyghmWcEu5QRLNtIEYU71rRAPEEdY6kSLOgR7+uVZ0jwq25pfH5eqF3kcBbAL9sABsMEpqIJLUAcNgMEjeAav4M14Ml6Md+Nj0jpn5DM74A+Mrx/EPKGm</latexit><latexit sha1_base64="kT8tiHUsbKXRKJcOy5h9bKXq0Gc=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgupCRW0Y1Q7MaNUMU+pIlhMp22QycPZiZCGfIlbvwVNy4UEVzp3zhps9DWAxcO59zLvff4MaNCWta3MTe/sLi0XFgprq6tb2yaW9tNESUckwaOWMTbPhKE0ZA0JJWMtGNOUOAz0vKHtcxvPRAuaBTeylFM3AD1Q9qjGEkteeaJcjBi8Cr1lG2l8Bw6AZID31c36b2yDyspdCQNiJjoPFC1u9SreGbJKltjwFli56QEctQ989PpRjgJSCgxQ0J0bCuWrkJcUsxIWnQSQWKEh6hPOpqGSK901fi9FO5rpQt7EdcVSjhWf08oFAgxCnzdmR0ppr1M/M/rJLJ35ioaxokkIZ4s6iUMyghmWcEu5QRLNtIEYU71rRAPEEdY6kSLOgR7+uVZ0jwq25pfH5eqF3kcBbAL9sABsMEpqIJLUAcNgMEjeAav4M14Ml6Md+Nj0jpn5DM74A+Mrx/EPKGm</latexit><latexit sha1_base64="kT8tiHUsbKXRKJcOy5h9bKXq0Gc=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgupCRW0Y1Q7MaNUMU+pIlhMp22QycPZiZCGfIlbvwVNy4UEVzp3zhps9DWAxcO59zLvff4MaNCWta3MTe/sLi0XFgprq6tb2yaW9tNESUckwaOWMTbPhKE0ZA0JJWMtGNOUOAz0vKHtcxvPRAuaBTeylFM3AD1Q9qjGEkteeaJcjBi8Cr1lG2l8Bw6AZID31c36b2yDyspdCQNiJjoPFC1u9SreGbJKltjwFli56QEctQ989PpRjgJSCgxQ0J0bCuWrkJcUsxIWnQSQWKEh6hPOpqGSK901fi9FO5rpQt7EdcVSjhWf08oFAgxCnzdmR0ppr1M/M/rJLJ35ioaxokkIZ4s6iUMyghmWcEu5QRLNtIEYU71rRAPEEdY6kSLOgR7+uVZ0jwq25pfH5eqF3kcBbAL9sABsMEpqIJLUAcNgMEjeAav4M14Ml6Md+Nj0jpn5DM74A+Mrx/EPKGm</latexit><latexit sha1_base64="kT8tiHUsbKXRKJcOy5h9bKXq0Gc=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgupCRW0Y1Q7MaNUMU+pIlhMp22QycPZiZCGfIlbvwVNy4UEVzp3zhps9DWAxcO59zLvff4MaNCWta3MTe/sLi0XFgprq6tb2yaW9tNESUckwaOWMTbPhKE0ZA0JJWMtGNOUOAz0vKHtcxvPRAuaBTeylFM3AD1Q9qjGEkteeaJcjBi8Cr1lG2l8Bw6AZID31c36b2yDyspdCQNiJjoPFC1u9SreGbJKltjwFli56QEctQ989PpRjgJSCgxQ0J0bCuWrkJcUsxIWnQSQWKEh6hPOpqGSK901fi9FO5rpQt7EdcVSjhWf08oFAgxCnzdmR0ppr1M/M/rJLJ35ioaxokkIZ4s6iUMyghmWcEu5QRLNtIEYU71rRAPEEdY6kSLOgR7+uVZ0jwq25pfH5eqF3kcBbAL9sABsMEpqIJLUAcNgMEjeAav4M14Ml6Md+Nj0jpn5DM74A+Mrx/EPKGm</latexit>

dS4
<latexit sha1_base64="0KhLhWQ9BBz80sKtt3tsSwuEX74=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWQymTY0yYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScnSDjTxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb3O/M6FKs1g+mmlCfYGHkkWMYGMlvy+wGSmRhQ+zweWgWnPr7hxolXgFqUGB5qD61Q9jkgoqDeFY657nJsbPsDKMcDqr9FNNE0zGeEh7lkosqPazeegZOrNKiKJY2ScNmqu/NzIstJ6KwE7mIfWyl4v/eb3URNd+xmSSGirJ4lCUcmRilDeAQqYoMXxqCSaK2ayIjLDCxNieKrYEb/nLq6R9Ufcsv7+sNW6KOspwAqdwDh5cQQPuoAktIPAEz/AKb87EeXHenY/FaMkpdo7hD5zPH9tEkiM=</latexit><latexit sha1_base64="0KhLhWQ9BBz80sKtt3tsSwuEX74=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWQymTY0yYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScnSDjTxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb3O/M6FKs1g+mmlCfYGHkkWMYGMlvy+wGSmRhQ+zweWgWnPr7hxolXgFqUGB5qD61Q9jkgoqDeFY657nJsbPsDKMcDqr9FNNE0zGeEh7lkosqPazeegZOrNKiKJY2ScNmqu/NzIstJ6KwE7mIfWyl4v/eb3URNd+xmSSGirJ4lCUcmRilDeAQqYoMXxqCSaK2ayIjLDCxNieKrYEb/nLq6R9Ufcsv7+sNW6KOspwAqdwDh5cQQPuoAktIPAEz/AKb87EeXHenY/FaMkpdo7hD5zPH9tEkiM=</latexit><latexit sha1_base64="0KhLhWQ9BBz80sKtt3tsSwuEX74=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWQymTY0yYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScnSDjTxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb3O/M6FKs1g+mmlCfYGHkkWMYGMlvy+wGSmRhQ+zweWgWnPr7hxolXgFqUGB5qD61Q9jkgoqDeFY657nJsbPsDKMcDqr9FNNE0zGeEh7lkosqPazeegZOrNKiKJY2ScNmqu/NzIstJ6KwE7mIfWyl4v/eb3URNd+xmSSGirJ4lCUcmRilDeAQqYoMXxqCSaK2ayIjLDCxNieKrYEb/nLq6R9Ufcsv7+sNW6KOspwAqdwDh5cQQPuoAktIPAEz/AKb87EeXHenY/FaMkpdo7hD5zPH9tEkiM=</latexit><latexit sha1_base64="0KhLhWQ9BBz80sKtt3tsSwuEX74=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWQymTY0yYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScnSDjTxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb3O/M6FKs1g+mmlCfYGHkkWMYGMlvy+wGSmRhQ+zweWgWnPr7hxolXgFqUGB5qD61Q9jkgoqDeFY657nJsbPsDKMcDqr9FNNE0zGeEh7lkosqPazeegZOrNKiKJY2ScNmqu/NzIstJ6KwE7mIfWyl4v/eb3URNd+xmSSGirJ4lCUcmRilDeAQqYoMXxqCSaK2ayIjLDCxNieKrYEb/nLq6R9Ufcsv7+sNW6KOspwAqdwDh5cQQPuoAktIPAEz/AKb87EeXHenY/FaMkpdo7hD5zPH9tEkiM=</latexit>

• Properties of  Calabi–Yau determine physics in four dimensions

Example:                       in simplest heterotic compactification modelsNg =
1

2
|�|

<latexit sha1_base64="StdTIFtLj2RqG2YVFRqKqrQnx3k=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5LE0NaFUHTjSirYVmhCmEwn7dDJg5mJUNPir7hxoYhb/8Odf+OkraCiBy4czrmXe+/xE0aFNIwPrbCwuLS8Ulwtra1vbG7p2zttEacckxaOWcxvfCQIoxFpSSoZuUk4QaHPSMcfnud+55ZwQePoWo4S4oaoH9GAYiSV5Ol7l14fnkIn4AibFhw7eEDHnl42Kif1qmVXoVExjJppmTmxavaxDU2l5CiDOZqe/u70YpyGJJKYISG6ppFIN0NcUszIpOSkgiQID1GfdBWNUEiEm02vn8BDpfRgEHNVkYRT9ftEhkIhRqGvOkMkB+K3l4t/ed1UBnU3o1GSShLh2aIgZVDGMI8C9ignWLKRIghzqm6FeIBUEFIFVlIhfH0K/ydtq2IqfmWXG2fzOIpgHxyAI2CCGmiAC9AELYDBHXgAT+BZu9cetRftddZa0OYzu+AHtLdP+jSUSQ==</latexit><latexit sha1_base64="StdTIFtLj2RqG2YVFRqKqrQnx3k=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5LE0NaFUHTjSirYVmhCmEwn7dDJg5mJUNPir7hxoYhb/8Odf+OkraCiBy4czrmXe+/xE0aFNIwPrbCwuLS8Ulwtra1vbG7p2zttEacckxaOWcxvfCQIoxFpSSoZuUk4QaHPSMcfnud+55ZwQePoWo4S4oaoH9GAYiSV5Ol7l14fnkIn4AibFhw7eEDHnl42Kif1qmVXoVExjJppmTmxavaxDU2l5CiDOZqe/u70YpyGJJKYISG6ppFIN0NcUszIpOSkgiQID1GfdBWNUEiEm02vn8BDpfRgEHNVkYRT9ftEhkIhRqGvOkMkB+K3l4t/ed1UBnU3o1GSShLh2aIgZVDGMI8C9ignWLKRIghzqm6FeIBUEFIFVlIhfH0K/ydtq2IqfmWXG2fzOIpgHxyAI2CCGmiAC9AELYDBHXgAT+BZu9cetRftddZa0OYzu+AHtLdP+jSUSQ==</latexit><latexit sha1_base64="StdTIFtLj2RqG2YVFRqKqrQnx3k=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5LE0NaFUHTjSirYVmhCmEwn7dDJg5mJUNPir7hxoYhb/8Odf+OkraCiBy4czrmXe+/xE0aFNIwPrbCwuLS8Ulwtra1vbG7p2zttEacckxaOWcxvfCQIoxFpSSoZuUk4QaHPSMcfnud+55ZwQePoWo4S4oaoH9GAYiSV5Ol7l14fnkIn4AibFhw7eEDHnl42Kif1qmVXoVExjJppmTmxavaxDU2l5CiDOZqe/u70YpyGJJKYISG6ppFIN0NcUszIpOSkgiQID1GfdBWNUEiEm02vn8BDpfRgEHNVkYRT9ftEhkIhRqGvOkMkB+K3l4t/ed1UBnU3o1GSShLh2aIgZVDGMI8C9ignWLKRIghzqm6FeIBUEFIFVlIhfH0K/ydtq2IqfmWXG2fzOIpgHxyAI2CCGmiAC9AELYDBHXgAT+BZu9cetRftddZa0OYzu+AHtLdP+jSUSQ==</latexit><latexit sha1_base64="StdTIFtLj2RqG2YVFRqKqrQnx3k=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5LE0NaFUHTjSirYVmhCmEwn7dDJg5mJUNPir7hxoYhb/8Odf+OkraCiBy4czrmXe+/xE0aFNIwPrbCwuLS8Ulwtra1vbG7p2zttEacckxaOWcxvfCQIoxFpSSoZuUk4QaHPSMcfnud+55ZwQePoWo4S4oaoH9GAYiSV5Ol7l14fnkIn4AibFhw7eEDHnl42Kif1qmVXoVExjJppmTmxavaxDU2l5CiDOZqe/u70YpyGJJKYISG6ppFIN0NcUszIpOSkgiQID1GfdBWNUEiEm02vn8BDpfRgEHNVkYRT9ftEhkIhRqGvOkMkB+K3l4t/ed1UBnU3o1GSShLh2aIgZVDGMI8C9ignWLKRIghzqm6FeIBUEFIFVlIhfH0K/ydtq2IqfmWXG2fzOIpgHxyAI2CCGmiAC9AELYDBHXgAT+BZu9cetRftddZa0OYzu+AHtLdP+jSUSQ==</latexit>

Candelas, Horowitz, Strominger, Witten (1985) 
Greene, Kirklin, Miron, Ross (1986)



The Real World

• String theory supplies a framework for quantum gravity

• Finding our universe among the myriad of  possible consistent realizations of  
a four dimensional low-energy limit of  string theory is the vacuum 
selection problem

• Among the landscape of  possibilities, we do not have even one solution that 
reproduces all the particle physics and cosmology we know

• Most vacua are false in that they do not resemble Nature at all

• We are beginning to understand black holes and holography

• String theory is also an organizing principle for mathematics



• The objective is to obtain the real world from a string compactification

• We would happily settle for a modestly unreal world

Matter in chiral representations of      :   
 

                         Superpotential 

Three copies of  matter such that       not identical

Consistent with cosmology

G = SU(3)C ⇥ SU(2)L ⇥ U(1)Y

G

�ij

(3,2) 1
6
, (3,1)� 2

3
, (3,1) 1

3
, (1,2)± 1

2
, (1,1)1, (1,1)0

<latexit sha1_base64="jl1Yb8iPT5rWAVqJXskRGBs9mEs="></latexit><latexit sha1_base64="jl1Yb8iPT5rWAVqJXskRGBs9mEs="></latexit><latexit sha1_base64="jl1Yb8iPT5rWAVqJXskRGBs9mEs="></latexit><latexit sha1_base64="jl1Yb8iPT5rWAVqJXskRGBs9mEs="></latexit>

N = 1        supersymmetry in 4 dimensions

The Unreal World

W � �ij� 
i
L 

j
R

<latexit sha1_base64="np7ZFwmsfAibI6P6Irw162eFkfc="></latexit><latexit sha1_base64="np7ZFwmsfAibI6P6Irw162eFkfc="></latexit><latexit sha1_base64="np7ZFwmsfAibI6P6Irw162eFkfc="></latexit><latexit sha1_base64="np7ZFwmsfAibI6P6Irw162eFkfc="></latexit>



• The objective is to obtain the real world from a string compactification

• We would happily settle for a modestly unreal world

Q|�i ⇠ |�± 1

2
i

<latexit sha1_base64="UMHFK08xwIPJmbeEIDNZkA/CVQc=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwVWeKoMuiG5ct2Ad0Ssmkd9rQJDMkGaHUfoYbf8WNC0XcduffmLaDaOuBwOGcc7m5J0w408bzvpzc2vrG5lZ+u7Czu7d/4B4eNXScKgp1GvNYtUKigTMJdcMMh1aigIiQQzMc3s785gMozWJ5b0YJdATpSxYxSoyVuu5F7THgNt4jgSKyzwEHmgn8IyYiiBShfjmzu27RK3lz4FXiZ6SIMlS77jToxTQVIA3lROu27yWmMybKMMphUghSDQmhQ9KHtqWSCNCd8fywCT6zSg9HsbJPGjxXf0+MidB6JEKbFMQM9LI3E//z2qmJrjtjJpPUgKSLRVHKsYnxrCXcYwqo4SNLCFXM/hXTAbFFGNtlwZbgL5+8Shrlku+V/NplsXKT1ZFHJ+gUnSMfXaEKukNVVEcUPaEX9IbenWfn1flwPhfRnJPNHKM/cKbfFiKgZw==</latexit><latexit sha1_base64="UMHFK08xwIPJmbeEIDNZkA/CVQc=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwVWeKoMuiG5ct2Ad0Ssmkd9rQJDMkGaHUfoYbf8WNC0XcduffmLaDaOuBwOGcc7m5J0w408bzvpzc2vrG5lZ+u7Czu7d/4B4eNXScKgp1GvNYtUKigTMJdcMMh1aigIiQQzMc3s785gMozWJ5b0YJdATpSxYxSoyVuu5F7THgNt4jgSKyzwEHmgn8IyYiiBShfjmzu27RK3lz4FXiZ6SIMlS77jToxTQVIA3lROu27yWmMybKMMphUghSDQmhQ9KHtqWSCNCd8fywCT6zSg9HsbJPGjxXf0+MidB6JEKbFMQM9LI3E//z2qmJrjtjJpPUgKSLRVHKsYnxrCXcYwqo4SNLCFXM/hXTAbFFGNtlwZbgL5+8Shrlku+V/NplsXKT1ZFHJ+gUnSMfXaEKukNVVEcUPaEX9IbenWfn1flwPhfRnJPNHKM/cKbfFiKgZw==</latexit><latexit sha1_base64="UMHFK08xwIPJmbeEIDNZkA/CVQc=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwVWeKoMuiG5ct2Ad0Ssmkd9rQJDMkGaHUfoYbf8WNC0XcduffmLaDaOuBwOGcc7m5J0w408bzvpzc2vrG5lZ+u7Czu7d/4B4eNXScKgp1GvNYtUKigTMJdcMMh1aigIiQQzMc3s785gMozWJ5b0YJdATpSxYxSoyVuu5F7THgNt4jgSKyzwEHmgn8IyYiiBShfjmzu27RK3lz4FXiZ6SIMlS77jToxTQVIA3lROu27yWmMybKMMphUghSDQmhQ9KHtqWSCNCd8fywCT6zSg9HsbJPGjxXf0+MidB6JEKbFMQM9LI3E//z2qmJrjtjJpPUgKSLRVHKsYnxrCXcYwqo4SNLCFXM/hXTAbFFGNtlwZbgL5+8Shrlku+V/NplsXKT1ZFHJ+gUnSMfXaEKukNVVEcUPaEX9IbenWfn1flwPhfRnJPNHKM/cKbfFiKgZw==</latexit><latexit sha1_base64="UMHFK08xwIPJmbeEIDNZkA/CVQc=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwVWeKoMuiG5ct2Ad0Ssmkd9rQJDMkGaHUfoYbf8WNC0XcduffmLaDaOuBwOGcc7m5J0w408bzvpzc2vrG5lZ+u7Czu7d/4B4eNXScKgp1GvNYtUKigTMJdcMMh1aigIiQQzMc3s785gMozWJ5b0YJdATpSxYxSoyVuu5F7THgNt4jgSKyzwEHmgn8IyYiiBShfjmzu27RK3lz4FXiZ6SIMlS77jToxTQVIA3lROu27yWmMybKMMphUghSDQmhQ9KHtqWSCNCd8fywCT6zSg9HsbJPGjxXf0+MidB6JEKbFMQM9LI3E//z2qmJrjtjJpPUgKSLRVHKsYnxrCXcYwqo4SNLCFXM/hXTAbFFGNtlwZbgL5+8Shrlku+V/NplsXKT1ZFHJ+gUnSMfXaEKukNVVEcUPaEX9IbenWfn1flwPhfRnJPNHKM/cKbfFiKgZw==</latexit>

|bosoni  ! |fermioni
<latexit sha1_base64="nFezPoJXZyqZJRLG0EitJcHD5XQ="></latexit><latexit sha1_base64="nFezPoJXZyqZJRLG0EitJcHD5XQ="></latexit><latexit sha1_base64="nFezPoJXZyqZJRLG0EitJcHD5XQ="></latexit><latexit sha1_base64="nFezPoJXZyqZJRLG0EitJcHD5XQ="></latexit>

        supersymmetry in 4 dimensionsN = 1

The Unreal World

+

mH ⌧ mPl
<latexit sha1_base64="ur/3PmZuiQbZQ5fi7C2kE5KN/N8=">AAACB3icdZDLSgMxFIYzXmu9jboUJFgEV2VmHNq6K7rpsoK9QKeUTJq2oUlmSDJCGbpz46u4caGIW1/BnW9jpq14QX8I/HznHHLOH8aMKu0479bS8srq2npuI7+5tb2za+/tN1WUSEwaOGKRbIdIEUYFaWiqGWnHkiAeMtIKx5dZvXVDpKKRuNaTmHQ5Ggo6oBhpg3r2Ee8FHOmR5GltCgPG4Beos2nPLjjF80rJ80vQKTpO2fXczHhl/8yHriGZCmChes9+C/oRTjgRGjOkVMd1Yt1NkdQUMzLNB4kiMcJjNCQdYwXiRHXT2R1TeGJIHw4iaZ7QcEa/T6SIKzXhoenMVlS/axn8q9ZJ9KDSTamIE00Enn80SBjUEcxCgX0qCdZsYgzCkppdIR4hibA20eVNCJ+Xwv9N0yu6TtG98gvVi0UcOXAIjsEpcEEZVEEN1EEDYHAL7sEjeLLurAfr2XqZty5Zi5kD8EPW6wfDh5nj</latexit><latexit sha1_base64="ur/3PmZuiQbZQ5fi7C2kE5KN/N8=">AAACB3icdZDLSgMxFIYzXmu9jboUJFgEV2VmHNq6K7rpsoK9QKeUTJq2oUlmSDJCGbpz46u4caGIW1/BnW9jpq14QX8I/HznHHLOH8aMKu0479bS8srq2npuI7+5tb2za+/tN1WUSEwaOGKRbIdIEUYFaWiqGWnHkiAeMtIKx5dZvXVDpKKRuNaTmHQ5Ggo6oBhpg3r2Ee8FHOmR5GltCgPG4Beos2nPLjjF80rJ80vQKTpO2fXczHhl/8yHriGZCmChes9+C/oRTjgRGjOkVMd1Yt1NkdQUMzLNB4kiMcJjNCQdYwXiRHXT2R1TeGJIHw4iaZ7QcEa/T6SIKzXhoenMVlS/axn8q9ZJ9KDSTamIE00Enn80SBjUEcxCgX0qCdZsYgzCkppdIR4hibA20eVNCJ+Xwv9N0yu6TtG98gvVi0UcOXAIjsEpcEEZVEEN1EEDYHAL7sEjeLLurAfr2XqZty5Zi5kD8EPW6wfDh5nj</latexit><latexit sha1_base64="ur/3PmZuiQbZQ5fi7C2kE5KN/N8=">AAACB3icdZDLSgMxFIYzXmu9jboUJFgEV2VmHNq6K7rpsoK9QKeUTJq2oUlmSDJCGbpz46u4caGIW1/BnW9jpq14QX8I/HznHHLOH8aMKu0479bS8srq2npuI7+5tb2za+/tN1WUSEwaOGKRbIdIEUYFaWiqGWnHkiAeMtIKx5dZvXVDpKKRuNaTmHQ5Ggo6oBhpg3r2Ee8FHOmR5GltCgPG4Beos2nPLjjF80rJ80vQKTpO2fXczHhl/8yHriGZCmChes9+C/oRTjgRGjOkVMd1Yt1NkdQUMzLNB4kiMcJjNCQdYwXiRHXT2R1TeGJIHw4iaZ7QcEa/T6SIKzXhoenMVlS/axn8q9ZJ9KDSTamIE00Enn80SBjUEcxCgX0qCdZsYgzCkppdIR4hibA20eVNCJ+Xwv9N0yu6TtG98gvVi0UcOXAIjsEpcEEZVEEN1EEDYHAL7sEjeLLurAfr2XqZty5Zi5kD8EPW6wfDh5nj</latexit><latexit sha1_base64="ur/3PmZuiQbZQ5fi7C2kE5KN/N8=">AAACB3icdZDLSgMxFIYzXmu9jboUJFgEV2VmHNq6K7rpsoK9QKeUTJq2oUlmSDJCGbpz46u4caGIW1/BnW9jpq14QX8I/HznHHLOH8aMKu0479bS8srq2npuI7+5tb2za+/tN1WUSEwaOGKRbIdIEUYFaWiqGWnHkiAeMtIKx5dZvXVDpKKRuNaTmHQ5Ggo6oBhpg3r2Ee8FHOmR5GltCgPG4Beos2nPLjjF80rJ80vQKTpO2fXczHhl/8yHriGZCmChes9+C/oRTjgRGjOkVMd1Yt1NkdQUMzLNB4kiMcJjNCQdYwXiRHXT2R1TeGJIHw4iaZ7QcEa/T6SIKzXhoenMVlS/axn8q9ZJ9KDSTamIE00Enn80SBjUEcxCgX0qCdZsYgzCkppdIR4hibA20eVNCJ+Xwv9N0yu6TtG98gvVi0UcOXAIjsEpcEEZVEEN1EEDYHAL7sEjeLLurAfr2XqZty5Zi5kD8EPW6wfDh5nj</latexit>

No experimental evidence so far!



• The objective is to obtain the real world from a string compactification

• We would happily settle for a modestly unreal world

        supersymmetry in 4 dimensionsN = 1

The Unreal World

Because it is Ricci flat, the 
Calabi–Yau geometry ensures 
4d supersymmetry

Use topological and geometric 
features of  the Calabi–Yau to 
recover aspects of  the real world



Calabi–Yau

Mee (2013)

w4 + x4 + y4 + z4 = 0 ⇢ P3
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Calabi–Yau

There is a nowhere vanishing holomorphic    -formn

The canonical bundle is trivial

There is a Kähler metric with global holonomy in SU(n)

Mee (2012)Mee (2012)

u5 + v5 + x5 + y5 + z5 = 0 ⇢ P4
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Outline

• Introduction and motivation

• Summary and prospects

• Patterns in distribution of  Hodge numbers of  toric Calabi–Yau threefolds

• Machine learning complete intersection Calabi–Yau threefolds (CICYs)

— Hodge numbers

— Favorability

— Discrete symmetries



Toric Varieties
• Consider: 

(x, y, z) = (|z1|2, |z2|2, |z3|2)

• Identify                                                          to define(z1, z2, z3) ⇠ ei�(z1, z2, z3)

• Define

• The original geometry is                                or x+ y + z = 1 z = 1� x� y

• Use           to choose the phase of z3U(1)

• The phases of                   define an algebraic torus over the basez1 , z2

This is a triangle B

P2 ⇢ C3

|z1|2 + |z2|2 + |z3|2 = 1 ⇢ C3

• Open dense subset; action of  torus on itself  extends over the variety



From Polytopes to Geometries
• Formally, a reflexive polytope is defined as follows:

The (possibly singular) toric variety An+1 is specified by an integer polytope � in Rn+1,
which is a collection of vertices (dimension 0) each of which is an (n + 1)-vector with
integer entries, such that each pair of neighboring vertices defines an edge (dimension 1),
each pair of edges defines a face (dimension 2), etc., all the way up to a facet (dimension
n). The polytope is then the convex body in Rn+1 enclosed by these facets. We will
always include the origin as being contained in �. Using the usual dot product h , i
inherited from Rn+1, the dual polytope is defined by

�� :=
�
v 2 Rn+1|hm, vi � �1, 8 m 2 �

 
.

The polytope � is reflexive if all the vertices of �� are integer vectors.

In this case, we can define the Calabi–Yau hypersurface Xn explicitly as the polynomial
equation

X

m2�

cm

kY

r=1

xhm,vri+1
r = 0 ,

where vr=1,...,k are the vertices of �� with k being the number of vertices of �� (or
equivalently the number of facets of �), xr are the coordinates of An+1, and cm are
numerical coe�cients parameterizing the complex structure of Xn.

1

• From this, we compute the Calabi–Yau hypersurface:

The (possibly singular) toric variety An+1 is specified by an integer polytope � in Rn+1,
which is a collection of vertices (dimension 0) each of which is an (n + 1)-vector with
integer entries, such that each pair of neighboring vertices defines an edge (dimension 1),
each pair of edges defines a face (dimension 2), etc., all the way up to a facet (dimension
n). The polytope is then the convex body in Rn+1 enclosed by these facets. We will
always include the origin as being contained in �. Using the usual dot product h , i
inherited from Rn+1, the dual polytope is defined by
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v 2 Rn+1|hm, vi � �1, 8 m 2 �

 
.

The polytope � is reflexive if all the vertices of �� are integer vectors.

We define the Calabi–Yau hypersurface Xn explicitly as the polynomial equation

X

m2�

cm

kY

r=1

xhm,vri+1
r = 0 ,

where vr=1,...,k are the vertices of �� with k being the number of vertices of �� (or
equivalently the number of facets of �), xr are the coordinates of An+1, and cm are
numerical coe�cients parameterizing the complex structure of Xn.

1



Reflexive Polytopes
• Starting from a reflexive polytope, one can build a toric Calabi–Yau via 

methods of  Batyrev, Borisov

there is a single interior lattice point

convex hull of  finitely many lattice points



Reflexive Polytopes Catalogued
• Starting from a reflexive polytope, one can build a toric Calabi–Yau via 

methods of  Batyrev, Borisov

• Kreuzer–Skarke obtained 473,800,776 reflexive polytopes that yield toric 
Calabi–Yau threefolds with 30,108 unique pairs of  Hodge numbers

|

h1,1 � h1,2

• Distribution of  polytopes exhibits 
mirror symmetry

h1,1 + h1,2



Reflexive Polytopes Catalogued
• Starting from a reflexive polytope, one can build a toric Calabi–Yau via 

methods of  Batyrev, Borisov

• Kreuzer–Skarke obtained 473,800,776 reflexive polytopes that yield toric 
Calabi–Yau threefolds with 30,108 unique pairs of  Hodge numbers

|

h1,1 � h1,2

• Distribution of  polytopes exhibits 
mirror symmetry

• The peak of  the distribution is at 
(h1,1, h1,2) = (27, 27)

There are 910,113 such polytopes

• Are there patterns in how the 
topological invariants are distributed?

h1,1 + h1,2



3d Plots of  Polytope Data
fr
eq

fr
eq

He, VJ, Pontiggia (2015)



|h1,1 + h1,2

h1,1 � h1,2

fr
eq

fr
eq

He, VJ, Pontiggia (2015)

Patterns in CY Distributions



Patterns in CY Distributions

He, VJ, Pontiggia (2015)

Planck distribution 

Pseudo-Voigt distribution 
sum of  Gaussian and Cauchy

A

xn

1

eb/(x�c) � 1

(1� ↵)
A

�
p
2⇡

e�
(x�µ)2

2�2 + ↵
A

⇡


�2

(x� µ)2 + �2

�

r = h1,1 + h1,2

q = h1,1 � h1,2



Collaborators

Yang-Hui He Luca Pontiggia

arXiv:1512.01579 



0-simplex 1-simplex 2-simplex 3-simplex ...

• Unique rings correspond to different Calabi–Yau geometries

• For each, we have topological data, intersection form, Kähler cone

From Polytopes to Geometries

 the union of  all simplices is 

P

 the intersection of  any pair is a (possibly empty) common face

P
• A triangulation of       is a partition into simplices such that:

• From triangulation, we construct the Stanley–Reisner ring



Example: S

I� = (ad, bce)
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Stanley–Reisner ring

minimal non-faces

K� = K[a, b, c, d, e]/I�
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Homeomorphic to two-sphere
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a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

e
<latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

e
<latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

e
<latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

e
<latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit>



From Polytopes to Geometries
• Every triangulation of  a reflexive polytope can yield a Calabi–Yau

• We do not know how many toric Calabi–Yau geometries there are

• Different triangulations of  the same polytope are expected, in general, to 
give different Calabi–Yau manifolds

• In principle, triangulations of  different polytopes can give the same Calabi–
Yau manifold

• The Calabi–Yau inherits topological invariants from the polytope

• 16 polytopes in        give rise to elliptic curves (Calabi–Yau onefolds)R2

4319 polytopes in        give rise to K3 (Calabi–Yau twofolds)R3

473800776 polytopes in        give rise to at least 30108 Calabi–Yau threefoldsR4
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Flat, but has non-trivial homotopy

There are non-contractible cycles

a�cycle

b�cycle

x = Re z

y = Im z

⌧ =
R2

R1
ei✓

ds2 = R2
1dx

2 +R2
2dy

2 + 2R1R2 cos ✓dx dy

A = R1R2 sin ✓

Kähler parameter: area

complex structure parameter:

A

⌧

size

shape

Torus
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0 0

0 h1,1 0
1 h1,2 h2,1 1

0 h2,2 0
0 0

1

h
p,q = dim H

p,q

bk = dim H
k =

X

p+q=k

h
p,q

h1,1 = b2 Kähler moduli, counts the number of  two-cycles and four-cycles

complex structure moduli, counts the number of  three-cycles

b0

b1

b2

b3

b4

b5

b6

Moduli of  CY3

• Geometrical moduli enumerated by number of  embedded two-spheres and 
three-spheres

• Mirror symmetry says that we can rotate the Hodge diamond by π/2 
and get a new Calabi–Yau with 

h1,2 =
b3
2

� 1
<latexit sha1_base64="MhKptC0ah5VjnMiw+lyVRsPFLeg=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZZJFXQjFN24rGAf0I5DJs20oZnMkGSEMgy48VfcuFDErT/hzr8xbWehrQcunJxzL7n3+DFnSjvOt1VYWFxaXimultbWNza37O2dpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84fXYbz1QqVgk7vQopm6I+4IFjGBtJM/eG9yn6LiawUvYDSQmqe+dZql5nyDPLjsVZwI4T1BOyiBH3bO/ur2IJCEVmnCsVAc5sXZTLDUjnGalbqJojMkQ92nHUIFDqtx0ckMGD43Sg0EkTQkNJ+rviRSHSo1C33SGWA/UrDcW//M6iQ4u3JSJONFUkOlHQcKhjuA4ENhjkhLNR4ZgIpnZFZIBNlFoE1vJhIBmT54nzWoFORV0e1auXeVxFME+OABHAIFzUAM3oA4agIBH8AxewZv1ZL1Y79bHtLVg5TO74A+szx9S1pYF</latexit><latexit sha1_base64="MhKptC0ah5VjnMiw+lyVRsPFLeg=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZZJFXQjFN24rGAf0I5DJs20oZnMkGSEMgy48VfcuFDErT/hzr8xbWehrQcunJxzL7n3+DFnSjvOt1VYWFxaXimultbWNza37O2dpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84fXYbz1QqVgk7vQopm6I+4IFjGBtJM/eG9yn6LiawUvYDSQmqe+dZql5nyDPLjsVZwI4T1BOyiBH3bO/ur2IJCEVmnCsVAc5sXZTLDUjnGalbqJojMkQ92nHUIFDqtx0ckMGD43Sg0EkTQkNJ+rviRSHSo1C33SGWA/UrDcW//M6iQ4u3JSJONFUkOlHQcKhjuA4ENhjkhLNR4ZgIpnZFZIBNlFoE1vJhIBmT54nzWoFORV0e1auXeVxFME+OABHAIFzUAM3oA4agIBH8AxewZv1ZL1Y79bHtLVg5TO74A+szx9S1pYF</latexit><latexit sha1_base64="MhKptC0ah5VjnMiw+lyVRsPFLeg=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZZJFXQjFN24rGAf0I5DJs20oZnMkGSEMgy48VfcuFDErT/hzr8xbWehrQcunJxzL7n3+DFnSjvOt1VYWFxaXimultbWNza37O2dpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84fXYbz1QqVgk7vQopm6I+4IFjGBtJM/eG9yn6LiawUvYDSQmqe+dZql5nyDPLjsVZwI4T1BOyiBH3bO/ur2IJCEVmnCsVAc5sXZTLDUjnGalbqJojMkQ92nHUIFDqtx0ckMGD43Sg0EkTQkNJ+rviRSHSo1C33SGWA/UrDcW//M6iQ4u3JSJONFUkOlHQcKhjuA4ENhjkhLNR4ZgIpnZFZIBNlFoE1vJhIBmT54nzWoFORV0e1auXeVxFME+OABHAIFzUAM3oA4agIBH8AxewZv1ZL1Y79bHtLVg5TO74A+szx9S1pYF</latexit><latexit sha1_base64="MhKptC0ah5VjnMiw+lyVRsPFLeg=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZZJFXQjFN24rGAf0I5DJs20oZnMkGSEMgy48VfcuFDErT/hzr8xbWehrQcunJxzL7n3+DFnSjvOt1VYWFxaXimultbWNza37O2dpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84fXYbz1QqVgk7vQopm6I+4IFjGBtJM/eG9yn6LiawUvYDSQmqe+dZql5nyDPLjsVZwI4T1BOyiBH3bO/ur2IJCEVmnCsVAc5sXZTLDUjnGalbqJojMkQ92nHUIFDqtx0ckMGD43Sg0EkTQkNJ+rviRSHSo1C33SGWA/UrDcW//M6iQ4u3JSJONFUkOlHQcKhjuA4ENhjkhLNR4ZgIpnZFZIBNlFoE1vJhIBmT54nzWoFORV0e1auXeVxFME+OABHAIFzUAM3oA4agIBH8AxewZv1ZL1Y79bHtLVg5TO74A+szx9S1pYF</latexit>

h1,1 $ h1,2
<latexit sha1_base64="pL37i76rEYO+JKnC3e194mrmsRg=">AAACCXicdZDLSgMxFIYzXmu9VV26CRbBhZTJWNq6K7pxWcFeoK0lk2ba0MyF5IxShm7d+CpuXCji1jdw59uYaSuo6A+Bn++cw8n53UgKDbb9YS0sLi2vrGbWsusbm1vbuZ3dhg5jxXidhTJULZdqLkXA6yBA8lakOPVdyZvu6DytN2+40iIMrmAc8a5PB4HwBKNgUC+Hh9cJOSYT3JHcAyUGQ6BKhbcz7kxwL5e3C6eVklMsYbtg22XikNQ45eJJERNDUuXRXLVe7r3TD1ns8wCYpFq3iR1BN6EKBJN8ku3EmkeUjeiAt40NqM91N5leMsGHhvSxFyrzAsBT+n0iob7WY981nT6Fof5dS+FftXYMXqWbiCCKgQdstsiLJYYQp7HgvlCcgRwbQ5kS5q+YDamiDEx4WRPC16X4f9NwCsQukMtivno2jyOD9tEBOkIElVEVXaAaqiOG7tADekLP1r31aL1Yr7PWBWs+s4d+yHr7BFOzmXY=</latexit><latexit sha1_base64="pL37i76rEYO+JKnC3e194mrmsRg=">AAACCXicdZDLSgMxFIYzXmu9VV26CRbBhZTJWNq6K7pxWcFeoK0lk2ba0MyF5IxShm7d+CpuXCji1jdw59uYaSuo6A+Bn++cw8n53UgKDbb9YS0sLi2vrGbWsusbm1vbuZ3dhg5jxXidhTJULZdqLkXA6yBA8lakOPVdyZvu6DytN2+40iIMrmAc8a5PB4HwBKNgUC+Hh9cJOSYT3JHcAyUGQ6BKhbcz7kxwL5e3C6eVklMsYbtg22XikNQ45eJJERNDUuXRXLVe7r3TD1ns8wCYpFq3iR1BN6EKBJN8ku3EmkeUjeiAt40NqM91N5leMsGHhvSxFyrzAsBT+n0iob7WY981nT6Fof5dS+FftXYMXqWbiCCKgQdstsiLJYYQp7HgvlCcgRwbQ5kS5q+YDamiDEx4WRPC16X4f9NwCsQukMtivno2jyOD9tEBOkIElVEVXaAaqiOG7tADekLP1r31aL1Yr7PWBWs+s4d+yHr7BFOzmXY=</latexit><latexit sha1_base64="pL37i76rEYO+JKnC3e194mrmsRg=">AAACCXicdZDLSgMxFIYzXmu9VV26CRbBhZTJWNq6K7pxWcFeoK0lk2ba0MyF5IxShm7d+CpuXCji1jdw59uYaSuo6A+Bn++cw8n53UgKDbb9YS0sLi2vrGbWsusbm1vbuZ3dhg5jxXidhTJULZdqLkXA6yBA8lakOPVdyZvu6DytN2+40iIMrmAc8a5PB4HwBKNgUC+Hh9cJOSYT3JHcAyUGQ6BKhbcz7kxwL5e3C6eVklMsYbtg22XikNQ45eJJERNDUuXRXLVe7r3TD1ns8wCYpFq3iR1BN6EKBJN8ku3EmkeUjeiAt40NqM91N5leMsGHhvSxFyrzAsBT+n0iob7WY981nT6Fof5dS+FftXYMXqWbiCCKgQdstsiLJYYQp7HgvlCcgRwbQ5kS5q+YDamiDEx4WRPC16X4f9NwCsQukMtivno2jyOD9tEBOkIElVEVXaAaqiOG7tADekLP1r31aL1Yr7PWBWs+s4d+yHr7BFOzmXY=</latexit><latexit sha1_base64="pL37i76rEYO+JKnC3e194mrmsRg=">AAACCXicdZDLSgMxFIYzXmu9VV26CRbBhZTJWNq6K7pxWcFeoK0lk2ba0MyF5IxShm7d+CpuXCji1jdw59uYaSuo6A+Bn++cw8n53UgKDbb9YS0sLi2vrGbWsusbm1vbuZ3dhg5jxXidhTJULZdqLkXA6yBA8lakOPVdyZvu6DytN2+40iIMrmAc8a5PB4HwBKNgUC+Hh9cJOSYT3JHcAyUGQ6BKhbcz7kxwL5e3C6eVklMsYbtg22XikNQ45eJJERNDUuXRXLVe7r3TD1ns8wCYpFq3iR1BN6EKBJN8ku3EmkeUjeiAt40NqM91N5leMsGHhvSxFyrzAsBT+n0iob7WY981nT6Fof5dS+FftXYMXqWbiCCKgQdstsiLJYYQp7HgvlCcgRwbQ5kS5q+YDamiDEx4WRPC16X4f9NwCsQukMtivno2jyOD9tEBOkIElVEVXaAaqiOG7tADekLP1r31aL1Yr7PWBWs+s4d+yHr7BFOzmXY=</latexit>

hp,q = hq,p
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(complex conjugation)

(Poincaré duality)

� =
X

p,q

(�1)p+qhp,q
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Euler characteristic, Ng =
1

2
|�|
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1. Background

The Standard Model of particle physics despite its many suc-
cesses, is an incomplete description of nature, primarily be-
cause of its inability to describe gravity. String theory is the
leading candidate for a consistent quantum theory of gravity.
In particular, the field of string phenomenology attempts to ad-
dress many of the unanswered questions in the Standard Model.
Its attempt to reproduce the Standard Model results in a very
large number of solutions to the string field equations. This
landscape of solutions, referred to as string vacua, is vast. Al-
though it is known that most of these vacua are false, in that
they lead to descriptions of universes that are vastly di↵erent
from ours, we have thus far been unable to find one that does
yield the correct description of nature in full detail. Thus the
problem of finding the correct string vacua is a problem in big
data.

Calabi-Yau manifolds, which are complex, Kähler manifolds
with vanishing first Chern class play a central role in string
theory. One of the most fruitful model building approaches in
string theory has been through the construction of stable holo-
morphic bundles over smooth Calabi-Yau threefolds. The class
of complete intersection Calabi-Yau threefolds, or CICYs, have
provided an apt playground for such endeavours, in particular
because of the simplicity of their description. It is this simplic-
ity that makes this class particularly amenable to the tools of
machine learning. A CICY threefold is embedded in a product
of complex projective spaces. The embedding is given by the
zero-locus of a set of homogeneous polynomials over the com-
bined set of homogeneous co-ordinates of the projective spaces.
The deformation class of a CICY is then captured by a con-
figuration matrix (??), which collects the multi-degrees of the

polynomials.

X =

P n1

...

P nm

2
6666666666666664

q1
1 . . . q1

K

...
. . .

...

qm
1 . . . qm

K

3
7777777777777775

(1)

For the configuration matrix in (??) to describe a CICY three-
fold,

P
rnr � K must equal three. In addition, the vanishing

of the first Chern class is accomplished by demanding thatP
a qr

a = nr + 1, for each r 2 {1, . . . ,m}. There are a finite
number of such matrices that describe inequivalent CICY three-
folds. For a generic CY threefold, the only unspecified Hodge
numbers are h1,1 and h2,1, which capture the dimensions of the
Kähler and the complex structure moduli spaces respectively. If
the entire second cohomology class of the CICY descends from
that of the ambient space A = Pn1⇥. . .⇥Pnm , then the CICY is
identified as favourable.

From a model building perspective, the knowledge of the
Hodge numbers is imperative to the construction of a string de-
rived Standard Model. The subclass of favourable CICYs have
been especially amenable to the construction of stable holo-
morphic vector and monad bundles, leading to several quasi-
realistic string models. We wish to investigate whether such
topological properties of CICYs are machine learnable, with the
foresight that machine learning techniques can become a pow-
erful tool in constructing ever more realistic string models, as
well as helping understand Calabi-Yau manifolds in their own
right.

The CICYs are also attractive to string model builders for an-
other reason; the ability to admit discrete symmetries. The
breaking of the string gauge group to the Standard Model gauge
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zero-locus of a set of homogeneous polynomials over the com-
bined set of homogeneous co-ordinates of the projective spaces.
The deformation class of a CICY is then captured by a con-
figuration matrix (1), which collects the multi-degrees of the
polynomials.

X =

P n1

...

P nm

2
6666666666666664

q1
1 . . . q1

K

...
. . .

...

qm
1 . . . qm

K

3
7777777777777775

(1)

For the configuration matrix in (1) to describe a CICY threefold,
X

r

nr � K = 3

must equal three. In addition, the vanishing of the first Chern
class is accomplished by demanding that

P
a qr

a = nr + 1, for
each r 2 {1, . . . ,m}. There are a finite number of such matri-
ces that describe inequivalent CICY threefolds. For a generic
CY threefold, the only unspecified Hodge numbers are h1,1 and
h2,1, which capture the dimensions of the Kähler and the com-
plex structure moduli spaces respectively. If the entire second
cohomology class of the CICY descends from that of the am-
bient space A = Pn1⇥. . .⇥Pnm , then the CICY is identified as
favourable.

From a model building perspective, the knowledge of the
Hodge numbers is imperative to the construction of a string de-
rived Standard Model. The subclass of favourable CICYs have
been especially amenable to the construction of stable holo-
morphic vector and monad bundles, leading to several quasi-
realistic string models. We wish to investigate whether such
topological properties of CICYs are machine learnable, with the
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Abstract

Calabi-Yau manifolds have been the subject of extensive study over the past few decades, particularly in the attempt to produce
string derived Standard Models. Vast datasets of their properties have been constructed and this advent of big data invites a machine
learning approach. In this paper we study a particular class of Calabi-Yau threefolds, the complete Intersection Calabi-Yau’s or
CICYs. We use machine learning to probe these manifolds with binary queries and extract topological quantities. We demonstrate
how such an approach can provide quick diagnostic tools capable of shortlisting quasi-realistic string models.
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1. Background

The Standard Model of particle physics despite its many suc-
cesses, is an incomplete description of nature, primarily be-
cause of its inability to describe gravity. String theory is the
leading candidate for a consistent quantum theory of gravity.
In particular, the field of string phenomenology attempts to ad-
dress many of the unanswered questions in the Standard Model.
Its attempt to reproduce the Standard Model results in a very
large number of solutions to the string field equations. This
landscape of solutions, referred to as string vacua, is vast. Al-
though it is known that most of these vacua are false, in that
they lead to descriptions of universes that are vastly di↵erent
from ours, we have thus far been unable to find one that does
yield the correct description of nature in full detail. Thus the
problem of finding the correct string vacua is a problem in big
data.

Calabi-Yau manifolds, which are complex, Kähler manifolds
with vanishing first Chern class play a central role in string
theory. One of the most fruitful model building approaches in
string theory has been through the construction of stable holo-
morphic bundles over smooth Calabi-Yau threefolds. The class
of complete intersection Calabi-Yau threefolds, or CICYs, have
provided an apt playground for such endeavours, in particular
because of the simplicity of their description. It is this simplic-
ity that makes this class particularly amenable to the tools of
machine learning. A CICY threefold is embedded in a product
of complex projective spaces. The embedding is given by the
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zero-locus of a set of homogeneous polynomials over the com-
bined set of homogeneous co-ordinates of the projective spaces.
The deformation class of a CICY is then captured by a con-
figuration matrix (1), which collects the multi-degrees of the
polynomials.

X =
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...

P nm
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q1
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qm
1 . . . qm

K
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7777777777777775

(1)

For the configuration matrix in (1) to describe a CICY threefold,
X

r

nr � K = 3

must equal three. In addition, the vanishing of the first Chern
class is accomplished by demanding that

X

a

qr
a = nr + 1 , 8 r 2 {1, . . . ,m}

. There are a finite number of such matrices that describe in-
equivalent CICY threefolds. For a generic CY threefold, the
only unspecified Hodge numbers are h1,1 and h2,1, which cap-
ture the dimensions of the Kähler and the complex structure
moduli spaces respectively. If the entire second cohomology
class of the CICY descends from that of the ambient space
A = Pn1⇥. . .⇥Pnm , then the CICY is identified as favourable.

From a model building perspective, the knowledge of the
Hodge numbers is imperative to the construction of a string de-
rived Standard Model. The subclass of favourable CICYs have
been especially amenable to the construction of stable holo-
morphic vector and monad bundles, leading to several quasi-
realistic string models. We wish to investigate whether such
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•     equations of  multi-degree                      embedded inK
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complete intersection 
threefold

c1 = 0
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configuration matrix

• Other examples: P5(3, 3) , P5(4, 2) , P6(3, 2, 2) , P7(2, 2, 2, 2)
<latexit sha1_base64="j1IfCULp2djBp8mLOjTZxNw8lKM="></latexit><latexit sha1_base64="j1IfCULp2djBp8mLOjTZxNw8lKM="></latexit><latexit sha1_base64="j1IfCULp2djBp8mLOjTZxNw8lKM="></latexit><latexit sha1_base64="j1IfCULp2djBp8mLOjTZxNw8lKM="></latexit>

P4(5)
<latexit sha1_base64="p54AquGxbAW2I+HPQMFxn/xjmPg=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJVHRZdOOygn1AG8tkOmmHTiZhZiLU0C9x40IRt36KO//GSZuFth4YOJxzL/fM8WPOlHacb6uwtr6xuVXcLu3s7u2X7YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3mdx6pVCwS93oaUy/EI8ECRrA20sAu90Osx76fNmcP9erF2cCuODVnDrRK3JxUIEdzYH/1hxFJQio04VipnuvE2kux1IxwOiv1E0VjTCZ4RHuGChxS5aXz4DN0apQhCiJpntBorv7eSHGo1DT0zWQWUy17mfif10t0cOWlTMSJpoIsDgUJRzpCWQtoyCQlmk8NwUQykxWRMZaYaNNVyZTgLn95lbTPa65Tc+/qlcZ1XkcRjuEEquDCJTTgFprQAgIJPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gCqbJJr</latexit><latexit sha1_base64="p54AquGxbAW2I+HPQMFxn/xjmPg=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJVHRZdOOygn1AG8tkOmmHTiZhZiLU0C9x40IRt36KO//GSZuFth4YOJxzL/fM8WPOlHacb6uwtr6xuVXcLu3s7u2X7YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3mdx6pVCwS93oaUy/EI8ECRrA20sAu90Osx76fNmcP9erF2cCuODVnDrRK3JxUIEdzYH/1hxFJQio04VipnuvE2kux1IxwOiv1E0VjTCZ4RHuGChxS5aXz4DN0apQhCiJpntBorv7eSHGo1DT0zWQWUy17mfif10t0cOWlTMSJpoIsDgUJRzpCWQtoyCQlmk8NwUQykxWRMZaYaNNVyZTgLn95lbTPa65Tc+/qlcZ1XkcRjuEEquDCJTTgFprQAgIJPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gCqbJJr</latexit><latexit sha1_base64="p54AquGxbAW2I+HPQMFxn/xjmPg=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJVHRZdOOygn1AG8tkOmmHTiZhZiLU0C9x40IRt36KO//GSZuFth4YOJxzL/fM8WPOlHacb6uwtr6xuVXcLu3s7u2X7YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3mdx6pVCwS93oaUy/EI8ECRrA20sAu90Osx76fNmcP9erF2cCuODVnDrRK3JxUIEdzYH/1hxFJQio04VipnuvE2kux1IxwOiv1E0VjTCZ4RHuGChxS5aXz4DN0apQhCiJpntBorv7eSHGo1DT0zWQWUy17mfif10t0cOWlTMSJpoIsDgUJRzpCWQtoyCQlmk8NwUQykxWRMZaYaNNVyZTgLn95lbTPa65Tc+/qlcZ1XkcRjuEEquDCJTTgFprQAgIJPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gCqbJJr</latexit><latexit sha1_base64="p54AquGxbAW2I+HPQMFxn/xjmPg=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJVHRZdOOygn1AG8tkOmmHTiZhZiLU0C9x40IRt36KO//GSZuFth4YOJxzL/fM8WPOlHacb6uwtr6xuVXcLu3s7u2X7YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3mdx6pVCwS93oaUy/EI8ECRrA20sAu90Osx76fNmcP9erF2cCuODVnDrRK3JxUIEdzYH/1hxFJQio04VipnuvE2kux1IxwOiv1E0VjTCZ4RHuGChxS5aXz4DN0apQhCiJpntBorv7eSHGo1DT0zWQWUy17mfif10t0cOWlTMSJpoIsDgUJRzpCWQtoyCQlmk8NwUQykxWRMZaYaNNVyZTgLn95lbTPa65Tc+/qlcZ1XkcRjuEEquDCJTTgFprQAgIJPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gCqbJJr</latexit>

qra 2 Z�0
<latexit sha1_base64="PV77PZ9DoqU21ef6780zIHI/pMg=">AAACBXicdVDLSgMxFM3UV62vqktdBIvgqmTq0NZd0Y3LCvaBnTpk0rQNzWTGJCOUoRs3/oobF4q49R/c+Tdm2goqeuDC4Zx7ufceP+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsfnaV+65ZKxUJxqccR7QZ4IFifEayN5OX3bzx8LaHLBHQDrIe+n1xNvMQdUIgmXr6AiifVcskpQ1REqGKX7JSUKs6xA22jpCiAOepe/t3thSQOqNCEY6U6Nop0N8FSM8LpJOfGikaYjPCAdgwVOKCqm0y/mMBDo/RgP5SmhIZT9ftEggOlxoFvOtNL1W8vFf/yOrHuV7sJE1GsqSCzRf2YQx3CNBLYY5ISzceGYCKZuRWSIZaYaBNczoTw9Sn8nzRLRRsV7QunUDudx5EFe+AAHAEbVEANnIM6aAAC7sADeALP1r31aL1Yr7PWjDWf2QU/YL19AjYemGQ=</latexit><latexit sha1_base64="PV77PZ9DoqU21ef6780zIHI/pMg=">AAACBXicdVDLSgMxFM3UV62vqktdBIvgqmTq0NZd0Y3LCvaBnTpk0rQNzWTGJCOUoRs3/oobF4q49R/c+Tdm2goqeuDC4Zx7ufceP+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsfnaV+65ZKxUJxqccR7QZ4IFifEayN5OX3bzx8LaHLBHQDrIe+n1xNvMQdUIgmXr6AiifVcskpQ1REqGKX7JSUKs6xA22jpCiAOepe/t3thSQOqNCEY6U6Nop0N8FSM8LpJOfGikaYjPCAdgwVOKCqm0y/mMBDo/RgP5SmhIZT9ftEggOlxoFvOtNL1W8vFf/yOrHuV7sJE1GsqSCzRf2YQx3CNBLYY5ISzceGYCKZuRWSIZaYaBNczoTw9Sn8nzRLRRsV7QunUDudx5EFe+AAHAEbVEANnIM6aAAC7sADeALP1r31aL1Yr7PWjDWf2QU/YL19AjYemGQ=</latexit><latexit sha1_base64="PV77PZ9DoqU21ef6780zIHI/pMg=">AAACBXicdVDLSgMxFM3UV62vqktdBIvgqmTq0NZd0Y3LCvaBnTpk0rQNzWTGJCOUoRs3/oobF4q49R/c+Tdm2goqeuDC4Zx7ufceP+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsfnaV+65ZKxUJxqccR7QZ4IFifEayN5OX3bzx8LaHLBHQDrIe+n1xNvMQdUIgmXr6AiifVcskpQ1REqGKX7JSUKs6xA22jpCiAOepe/t3thSQOqNCEY6U6Nop0N8FSM8LpJOfGikaYjPCAdgwVOKCqm0y/mMBDo/RgP5SmhIZT9ftEggOlxoFvOtNL1W8vFf/yOrHuV7sJE1GsqSCzRf2YQx3CNBLYY5ISzceGYCKZuRWSIZaYaBNczoTw9Sn8nzRLRRsV7QunUDudx5EFe+AAHAEbVEANnIM6aAAC7sADeALP1r31aL1Yr7PWjDWf2QU/YL19AjYemGQ=</latexit><latexit sha1_base64="PV77PZ9DoqU21ef6780zIHI/pMg=">AAACBXicdVDLSgMxFM3UV62vqktdBIvgqmTq0NZd0Y3LCvaBnTpk0rQNzWTGJCOUoRs3/oobF4q49R/c+Tdm2goqeuDC4Zx7ufceP+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsfnaV+65ZKxUJxqccR7QZ4IFifEayN5OX3bzx8LaHLBHQDrIe+n1xNvMQdUIgmXr6AiifVcskpQ1REqGKX7JSUKs6xA22jpCiAOepe/t3thSQOqNCEY6U6Nop0N8FSM8LpJOfGikaYjPCAdgwVOKCqm0y/mMBDo/RgP5SmhIZT9ftEggOlxoFvOtNL1W8vFf/yOrHuV7sJE1GsqSCzRf2YQx3CNBLYY5ISzceGYCKZuRWSIZaYaBNczoTw9Sn8nzRLRRsV7QunUDudx5EFe+AAHAEbVEANnIM6aAAC7sADeALP1r31aL1Yr7PWjDWf2QU/YL19AjYemGQ=</latexit>



CICYs
• Tian–Yau manifold: P3
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<latexit sha1_base64="ZXk6zhRTCpdAKI0eJna+uTNwD7I="></latexit><latexit sha1_base64="ZXk6zhRTCpdAKI0eJna+uTNwD7I="></latexit><latexit sha1_base64="ZXk6zhRTCpdAKI0eJna+uTNwD7I="></latexit><latexit sha1_base64="ZXk6zhRTCpdAKI0eJna+uTNwD7I="></latexit>

has 

freely acting        quotient gives manifold withZ3
<latexit sha1_base64="cK1pj5bDH1wPpKa+kaqwRA3tqFM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC02oWy223bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuhNRwKRRvoUDJO4nmNAolfwjHN7n/8MS1EbG6x0nCg4gOlRgIRtFKvh9RHIVh9jjtnfeqNbfuzkCWiVeQGhRo9qpffj9macQVMkmN6XpugkFGNQom+bTip4YnlI3pkHctVTTiJshmmafkxCp9Moi1fQrJTP29kdHImEkU2sk8o1n0cvE/r5vi4CrIhEpS5IrNDw1SSTAmeQGkLzRnKCeWUKaFzUrYiGrK0NZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifP/ljkaA=</latexit><latexit sha1_base64="cK1pj5bDH1wPpKa+kaqwRA3tqFM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC02oWy223bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuhNRwKRRvoUDJO4nmNAolfwjHN7n/8MS1EbG6x0nCg4gOlRgIRtFKvh9RHIVh9jjtnfeqNbfuzkCWiVeQGhRo9qpffj9macQVMkmN6XpugkFGNQom+bTip4YnlI3pkHctVTTiJshmmafkxCp9Moi1fQrJTP29kdHImEkU2sk8o1n0cvE/r5vi4CrIhEpS5IrNDw1SSTAmeQGkLzRnKCeWUKaFzUrYiGrK0NZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifP/ljkaA=</latexit><latexit sha1_base64="cK1pj5bDH1wPpKa+kaqwRA3tqFM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC02oWy223bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuhNRwKRRvoUDJO4nmNAolfwjHN7n/8MS1EbG6x0nCg4gOlRgIRtFKvh9RHIVh9jjtnfeqNbfuzkCWiVeQGhRo9qpffj9macQVMkmN6XpugkFGNQom+bTip4YnlI3pkHctVTTiJshmmafkxCp9Moi1fQrJTP29kdHImEkU2sk8o1n0cvE/r5vi4CrIhEpS5IrNDw1SSTAmeQGkLzRnKCeWUKaFzUrYiGrK0NZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifP/ljkaA=</latexit><latexit sha1_base64="cK1pj5bDH1wPpKa+kaqwRA3tqFM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC02oWy223bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuhNRwKRRvoUDJO4nmNAolfwjHN7n/8MS1EbG6x0nCg4gOlRgIRtFKvh9RHIVh9jjtnfeqNbfuzkCWiVeQGhRo9qpffj9macQVMkmN6XpugkFGNQom+bTip4YnlI3pkHctVTTiJshmmafkxCp9Moi1fQrJTP29kdHImEkU2sk8o1n0cvE/r5vi4CrIhEpS5IrNDw1SSTAmeQGkLzRnKCeWUKaFzUrYiGrK0NZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifP/ljkaA=</latexit>

� = �6
<latexit sha1_base64="qWBHtDTGQzZ/i2TrISL4mRnBqHg=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBG8WHZF1ItQ9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwkRwYz3vGy0tr6yurRc2iptb2zu7pb39holTTVmdxiLWrZAYJrhidcutYK1EMyJDwZrh8HbiN5+YNjxWD3aUsECSvuIRp8Q66bFDBxxf49OLbqnsVbwp8CLxc1KGHLVu6avTi2kqmbJUEGPavpfYICPacirYuNhJDUsIHZI+azuqiGQmyKYHj/GxU3o4irUrZfFU/T2REWnMSIauUxI7MPPeRPzPa6c2ugoyrpLUMkVni6JUYBvjyfe4xzWjVowcIVRzdyumA6IJtS6jogvBn395kTTOKr5X8e/Py9WbPI4CHMIRnIAPl1CFO6hBHShIeIZXeEMavaB39DFrXUL5zAH8Afr8ARVyj0Q=</latexit><latexit sha1_base64="qWBHtDTGQzZ/i2TrISL4mRnBqHg=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBG8WHZF1ItQ9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwkRwYz3vGy0tr6yurRc2iptb2zu7pb39holTTVmdxiLWrZAYJrhidcutYK1EMyJDwZrh8HbiN5+YNjxWD3aUsECSvuIRp8Q66bFDBxxf49OLbqnsVbwp8CLxc1KGHLVu6avTi2kqmbJUEGPavpfYICPacirYuNhJDUsIHZI+azuqiGQmyKYHj/GxU3o4irUrZfFU/T2REWnMSIauUxI7MPPeRPzPa6c2ugoyrpLUMkVni6JUYBvjyfe4xzWjVowcIVRzdyumA6IJtS6jogvBn395kTTOKr5X8e/Py9WbPI4CHMIRnIAPl1CFO6hBHShIeIZXeEMavaB39DFrXUL5zAH8Afr8ARVyj0Q=</latexit><latexit sha1_base64="qWBHtDTGQzZ/i2TrISL4mRnBqHg=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBG8WHZF1ItQ9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwkRwYz3vGy0tr6yurRc2iptb2zu7pb39holTTVmdxiLWrZAYJrhidcutYK1EMyJDwZrh8HbiN5+YNjxWD3aUsECSvuIRp8Q66bFDBxxf49OLbqnsVbwp8CLxc1KGHLVu6avTi2kqmbJUEGPavpfYICPacirYuNhJDUsIHZI+azuqiGQmyKYHj/GxU3o4irUrZfFU/T2REWnMSIauUxI7MPPeRPzPa6c2ugoyrpLUMkVni6JUYBvjyfe4xzWjVowcIVRzdyumA6IJtS6jogvBn395kTTOKr5X8e/Py9WbPI4CHMIRnIAPl1CFO6hBHShIeIZXeEMavaB39DFrXUL5zAH8Afr8ARVyj0Q=</latexit><latexit sha1_base64="qWBHtDTGQzZ/i2TrISL4mRnBqHg=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBG8WHZF1ItQ9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwkRwYz3vGy0tr6yurRc2iptb2zu7pb39holTTVmdxiLWrZAYJrhidcutYK1EMyJDwZrh8HbiN5+YNjxWD3aUsECSvuIRp8Q66bFDBxxf49OLbqnsVbwp8CLxc1KGHLVu6avTi2kqmbJUEGPavpfYICPacirYuNhJDUsIHZI+azuqiGQmyKYHj/GxU3o4irUrZfFU/T2REWnMSIauUxI7MPPeRPzPa6c2ugoyrpLUMkVni6JUYBvjyfe4xzWjVowcIVRzdyumA6IJtS6jogvBn395kTTOKr5X8e/Py9WbPI4CHMIRnIAPl1CFO6hBHShIeIZXeEMavaB39DFrXUL5zAH8Afr8ARVyj0Q=</latexit>

central to early string phenomenology

• Transpose is Schön’s manifold, also Calabi–Yau
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<latexit sha1_base64="BIUzjZBJ/0EijQR2yLXeNfhCUWs="></latexit><latexit sha1_base64="BIUzjZBJ/0EijQR2yLXeNfhCUWs="></latexit><latexit sha1_base64="BIUzjZBJ/0EijQR2yLXeNfhCUWs="></latexit><latexit sha1_base64="BIUzjZBJ/0EijQR2yLXeNfhCUWs="></latexit>

� = �18
<latexit sha1_base64="COLXlmv7OR02wS1+6KSTM25YO4o=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi2ItQ9OKxgv3ANpTNdtIu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfywYwT9CM6kDzkjBorPXbZkJNrcu5Ve6WyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7OLJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5OasOpnXCapQcnmi8JUEBOT6fukzxUyI8aWUKa4vZWwIVWUGRtS0YbgLb68TJoXFc+tePeX5dpNHkcBjuEEzsCDK6jBHdShAQwkPMMrvDnaeXHenY9564qTzxzBHzifP4odj4E=</latexit><latexit sha1_base64="COLXlmv7OR02wS1+6KSTM25YO4o=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi2ItQ9OKxgv3ANpTNdtIu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfywYwT9CM6kDzkjBorPXbZkJNrcu5Ve6WyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7OLJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5OasOpnXCapQcnmi8JUEBOT6fukzxUyI8aWUKa4vZWwIVWUGRtS0YbgLb68TJoXFc+tePeX5dpNHkcBjuEEzsCDK6jBHdShAQwkPMMrvDnaeXHenY9564qTzxzBHzifP4odj4E=</latexit><latexit sha1_base64="COLXlmv7OR02wS1+6KSTM25YO4o=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi2ItQ9OKxgv3ANpTNdtIu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfywYwT9CM6kDzkjBorPXbZkJNrcu5Ve6WyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7OLJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5OasOpnXCapQcnmi8JUEBOT6fukzxUyI8aWUKa4vZWwIVWUGRtS0YbgLb68TJoXFc+tePeX5dpNHkcBjuEEzsCDK6jBHdShAQwkPMMrvDnaeXHenY9564qTzxzBHzifP4odj4E=</latexit><latexit sha1_base64="COLXlmv7OR02wS1+6KSTM25YO4o=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi2ItQ9OKxgv3ANpTNdtIu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfywYwT9CM6kDzkjBorPXbZkJNrcu5Ve6WyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7OLJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5OasOpnXCapQcnmi8JUEBOT6fukzxUyI8aWUKa4vZWwIVWUGRtS0YbgLb68TJoXFc+tePeX5dpNHkcBjuEEzsCDK6jBHdShAQwkPMMrvDnaeXHenY9564qTzxzBHzifP4odj4E=</latexit>

� = 0
<latexit sha1_base64="Q9VexCoYCHgNdHk5/aaZYawiEiw=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHUhFN24rGAf0IYymU7aoZNJnJkIJfQn3LhQxK2/486/cdJWUNEDFw7n3Mu99wQJZ0oj9GEVVlbX1jeKm6Wt7Z3dvfL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47weQq9zv3VCoWi1s9Tagf4ZFgISNYG6nbJ2MGLyAalCvIPq9XXa8KkY1QzXGdnLg178yDjlFyVMASzUH5vT+MSRpRoQnHSvUclGg/w1Izwums1E8VTTCZ4BHtGSpwRJWfze+dwROjDGEYS1NCw7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6hjmz8Mhk5RoPjUEE8nMrZCMscREm4hKJoSvT+H/pO3aDrKdG6/SuFzGUQRH4BicAgfUQANcgyZoAQI4eABP4Nm6sx6tF+t10VqwljOH4Aest08BCY9J</latexit><latexit sha1_base64="Q9VexCoYCHgNdHk5/aaZYawiEiw=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHUhFN24rGAf0IYymU7aoZNJnJkIJfQn3LhQxK2/486/cdJWUNEDFw7n3Mu99wQJZ0oj9GEVVlbX1jeKm6Wt7Z3dvfL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47weQq9zv3VCoWi1s9Tagf4ZFgISNYG6nbJ2MGLyAalCvIPq9XXa8KkY1QzXGdnLg178yDjlFyVMASzUH5vT+MSRpRoQnHSvUclGg/w1Izwums1E8VTTCZ4BHtGSpwRJWfze+dwROjDGEYS1NCw7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6hjmz8Mhk5RoPjUEE8nMrZCMscREm4hKJoSvT+H/pO3aDrKdG6/SuFzGUQRH4BicAgfUQANcgyZoAQI4eABP4Nm6sx6tF+t10VqwljOH4Aest08BCY9J</latexit><latexit sha1_base64="Q9VexCoYCHgNdHk5/aaZYawiEiw=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHUhFN24rGAf0IYymU7aoZNJnJkIJfQn3LhQxK2/486/cdJWUNEDFw7n3Mu99wQJZ0oj9GEVVlbX1jeKm6Wt7Z3dvfL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47weQq9zv3VCoWi1s9Tagf4ZFgISNYG6nbJ2MGLyAalCvIPq9XXa8KkY1QzXGdnLg178yDjlFyVMASzUH5vT+MSRpRoQnHSvUclGg/w1Izwums1E8VTTCZ4BHtGSpwRJWfze+dwROjDGEYS1NCw7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6hjmz8Mhk5RoPjUEE8nMrZCMscREm4hKJoSvT+H/pO3aDrKdG6/SuFzGUQRH4BicAgfUQANcgyZoAQI4eABP4Nm6sx6tF+t10VqwljOH4Aest08BCY9J</latexit><latexit sha1_base64="Q9VexCoYCHgNdHk5/aaZYawiEiw=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHUhFN24rGAf0IYymU7aoZNJnJkIJfQn3LhQxK2/486/cdJWUNEDFw7n3Mu99wQJZ0oj9GEVVlbX1jeKm6Wt7Z3dvfL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47weQq9zv3VCoWi1s9Tagf4ZFgISNYG6nbJ2MGLyAalCvIPq9XXa8KkY1QzXGdnLg178yDjlFyVMASzUH5vT+MSRpRoQnHSvUclGg/w1Izwums1E8VTTCZ4BHtGSpwRJWfze+dwROjDGEYS1NCw7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6hjmz8Mhk5RoPjUEE8nMrZCMscREm4hKJoSvT+H/pO3aDrKdG6/SuFzGUQRH4BicAgfUQANcgyZoAQI4eABP4Nm6sx6tF+t10VqwljOH4Aest08BCY9J</latexit>

• Can compute     from configuration matrix�
<latexit sha1_base64="BjfftQ1J/ZDnBasRchAywpVY+84=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby+2zMyaBac+vuAmSdeAWpQYHWoPrVHyYsi1EaJqjWPc9NTZBTZTgTOKv0M40pZRM6wp6lksaog3xx7IxcWGVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP45GXKFzIipJZQpbm8lbEwVZcbmU7EheKsvr5P2Vd1z697Dda15W8RRhjM4h0vwoAFNuIcW+MCAwzO8wpsjnRfn3flYtpacYuYU/sD5/AFWtI5c</latexit><latexit sha1_base64="BjfftQ1J/ZDnBasRchAywpVY+84=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby+2zMyaBac+vuAmSdeAWpQYHWoPrVHyYsi1EaJqjWPc9NTZBTZTgTOKv0M40pZRM6wp6lksaog3xx7IxcWGVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP45GXKFzIipJZQpbm8lbEwVZcbmU7EheKsvr5P2Vd1z697Dda15W8RRhjM4h0vwoAFNuIcW+MCAwzO8wpsjnRfn3flYtpacYuYU/sD5/AFWtI5c</latexit><latexit sha1_base64="BjfftQ1J/ZDnBasRchAywpVY+84=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby+2zMyaBac+vuAmSdeAWpQYHWoPrVHyYsi1EaJqjWPc9NTZBTZTgTOKv0M40pZRM6wp6lksaog3xx7IxcWGVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP45GXKFzIipJZQpbm8lbEwVZcbmU7EheKsvr5P2Vd1z697Dda15W8RRhjM4h0vwoAFNuIcW+MCAwzO8wpsjnRfn3flYtpacYuYU/sD5/AFWtI5c</latexit><latexit sha1_base64="BjfftQ1J/ZDnBasRchAywpVY+84=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby+2zMyaBac+vuAmSdeAWpQYHWoPrVHyYsi1EaJqjWPc9NTZBTZTgTOKv0M40pZRM6wp6lksaog3xx7IxcWGVIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP45GXKFzIipJZQpbm8lbEwVZcbmU7EheKsvr5P2Vd1z697Dda15W8RRhjM4h0vwoAFNuIcW+MCAwzO8wpsjnRfn3flYtpacYuYU/sD5/AFWtI5c</latexit>



CICYs
• For threefolds, we have constraints on size of  configuration matrix

K  N1 +Na + 3 , N1  9 , Na  6
<latexit sha1_base64="q7/O0VoRExeBT9w9cuVa8BVnZiU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0UQlJqo+NgV3QiCVLAPaEOYTCft0MkkzEyEEtq/cOOvuHGhiNvu/BsnaRZavTCXc8+5lzv3eBGjUlnWl1GYm19YXCoul1ZW19Y3zM2thgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wXWqNx+JkDTkD2oYESdAPU59ipHSlGse3cIOI/DOteGBzkjnEzg+HGdMqlzmFcqqM9csWxUrC/gX2DkogzxqrjnpdEMcB4QrzJCUbduKlJMgoShmZFTqxJJECA9Qj7Q15Cgg0kmyw0ZwTzNd6IdCP65gxv6cSFAg5TDwdGeAVF/Oain5n9aOlX/hJJRHsSIcTxf5MYMqhKlLsEsFwYoNNUBYUP1XiPtIIKy0lyVtgj178l/QOK7YVsW+Py1Xr3I7imAH7IJ9YINzUAU3oAbqAIMn8ALewLvxbLwaH8bntLVg5DPb4FcYk2+wv5sz</latexit><latexit sha1_base64="q7/O0VoRExeBT9w9cuVa8BVnZiU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0UQlJqo+NgV3QiCVLAPaEOYTCft0MkkzEyEEtq/cOOvuHGhiNvu/BsnaRZavTCXc8+5lzv3eBGjUlnWl1GYm19YXCoul1ZW19Y3zM2thgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wXWqNx+JkDTkD2oYESdAPU59ipHSlGse3cIOI/DOteGBzkjnEzg+HGdMqlzmFcqqM9csWxUrC/gX2DkogzxqrjnpdEMcB4QrzJCUbduKlJMgoShmZFTqxJJECA9Qj7Q15Cgg0kmyw0ZwTzNd6IdCP65gxv6cSFAg5TDwdGeAVF/Oain5n9aOlX/hJJRHsSIcTxf5MYMqhKlLsEsFwYoNNUBYUP1XiPtIIKy0lyVtgj178l/QOK7YVsW+Py1Xr3I7imAH7IJ9YINzUAU3oAbqAIMn8ALewLvxbLwaH8bntLVg5DPb4FcYk2+wv5sz</latexit><latexit sha1_base64="q7/O0VoRExeBT9w9cuVa8BVnZiU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0UQlJqo+NgV3QiCVLAPaEOYTCft0MkkzEyEEtq/cOOvuHGhiNvu/BsnaRZavTCXc8+5lzv3eBGjUlnWl1GYm19YXCoul1ZW19Y3zM2thgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wXWqNx+JkDTkD2oYESdAPU59ipHSlGse3cIOI/DOteGBzkjnEzg+HGdMqlzmFcqqM9csWxUrC/gX2DkogzxqrjnpdEMcB4QrzJCUbduKlJMgoShmZFTqxJJECA9Qj7Q15Cgg0kmyw0ZwTzNd6IdCP65gxv6cSFAg5TDwdGeAVF/Oain5n9aOlX/hJJRHsSIcTxf5MYMqhKlLsEsFwYoNNUBYUP1XiPtIIKy0lyVtgj178l/QOK7YVsW+Py1Xr3I7imAH7IJ9YINzUAU3oAbqAIMn8ALewLvxbLwaH8bntLVg5DPb4FcYk2+wv5sz</latexit><latexit sha1_base64="q7/O0VoRExeBT9w9cuVa8BVnZiU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0UQlJqo+NgV3QiCVLAPaEOYTCft0MkkzEyEEtq/cOOvuHGhiNvu/BsnaRZavTCXc8+5lzv3eBGjUlnWl1GYm19YXCoul1ZW19Y3zM2thgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wXWqNx+JkDTkD2oYESdAPU59ipHSlGse3cIOI/DOteGBzkjnEzg+HGdMqlzmFcqqM9csWxUrC/gX2DkogzxqrjnpdEMcB4QrzJCUbduKlJMgoShmZFTqxJJECA9Qj7Q15Cgg0kmyw0ZwTzNd6IdCP65gxv6cSFAg5TDwdGeAVF/Oain5n9aOlX/hJJRHsSIcTxf5MYMqhKlLsEsFwYoNNUBYUP1XiPtIIKy0lyVtgj178l/QOK7YVsW+Py1Xr3I7imAH7IJ9YINzUAU3oAbqAIMn8ALewLvxbLwaH8bntLVg5DPb4FcYk2+wv5sz</latexit>

number of        sP1
<latexit sha1_base64="ayfWIAqktfe/UQdCxDousnbGlZg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4Amlsl02g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST29zvPHFtRKwecJrwIKIjJYaCUbSS70cUx2GYNWePXr9ac+vuHGSVeAWpQYFmv/rlD2KWRlwhk9SYnucmGGRUo2CSzyp+anhC2YSOeM9SRSNugmyeeUbOrDIgw1jbp5DM1d8bGY2MmUahncwzmmUvF//zeikOr4NMqCRFrtji0DCVBGOSF0AGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A+WQkZM=</latexit><latexit sha1_base64="ayfWIAqktfe/UQdCxDousnbGlZg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4Amlsl02g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST29zvPHFtRKwecJrwIKIjJYaCUbSS70cUx2GYNWePXr9ac+vuHGSVeAWpQYFmv/rlD2KWRlwhk9SYnucmGGRUo2CSzyp+anhC2YSOeM9SRSNugmyeeUbOrDIgw1jbp5DM1d8bGY2MmUahncwzmmUvF//zeikOr4NMqCRFrtji0DCVBGOSF0AGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A+WQkZM=</latexit><latexit sha1_base64="ayfWIAqktfe/UQdCxDousnbGlZg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4Amlsl02g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST29zvPHFtRKwecJrwIKIjJYaCUbSS70cUx2GYNWePXr9ac+vuHGSVeAWpQYFmv/rlD2KWRlwhk9SYnucmGGRUo2CSzyp+anhC2YSOeM9SRSNugmyeeUbOrDIgw1jbp5DM1d8bGY2MmUahncwzmmUvF//zeikOr4NMqCRFrtji0DCVBGOSF0AGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A+WQkZM=</latexit><latexit sha1_base64="ayfWIAqktfe/UQdCxDousnbGlZg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4Amlsl02g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST29zvPHFtRKwecJrwIKIjJYaCUbSS70cUx2GYNWePXr9ac+vuHGSVeAWpQYFmv/rlD2KWRlwhk9SYnucmGGRUo2CSzyp+anhC2YSOeM9SRSNugmyeeUbOrDIgw1jbp5DM1d8bGY2MmUahncwzmmUvF//zeikOr4NMqCRFrtji0DCVBGOSF0AGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A+WQkZM=</latexit>

number of  other projective space factors

• We have: 7890 configuration matrices

266 distinct Hodge pairs
1⇥ 1

<latexit sha1_base64="PPRBsl4ruXdHINJNpPDvLnxMhh0=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQzIObd0V3bisYB/YDiWTZtrQTGZIMkIp/Qs3LhRx69+482/MtBVU9MCFwzn3cu89YSq4Ngh9OCura+sbm4Wt4vbO7t5+6eCwpZNMUdakiUhUJySaCS5Z03AjWCdVjMShYO1wfJX77XumNE/krZmkLIjJUPKIU2KsdId7hsdMQwz7pTJyL2oVz69A5CJUxR7OiVf1z32IrZKjDJZo9EvvvUFCs5hJQwXRuotRaoIpUYZTwWbFXqZZSuiYDFnXUknsnmA6v3gGT60ygFGibEkD5+r3iSmJtZ7Eoe2MiRnp314u/uV1MxPVgimXaWaYpItFUSagSWD+PhxwxagRE0sIVdzeCumIKEKNDaloQ/j6FP5PWp6LkYtv/HL9chlHARyDE3AGMKiCOrgGDdAEFEjwAJ7As6OdR+fFeV20rjjLmSPwA87bJ6lIkEA=</latexit><latexit sha1_base64="PPRBsl4ruXdHINJNpPDvLnxMhh0=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQzIObd0V3bisYB/YDiWTZtrQTGZIMkIp/Qs3LhRx69+482/MtBVU9MCFwzn3cu89YSq4Ngh9OCura+sbm4Wt4vbO7t5+6eCwpZNMUdakiUhUJySaCS5Z03AjWCdVjMShYO1wfJX77XumNE/krZmkLIjJUPKIU2KsdId7hsdMQwz7pTJyL2oVz69A5CJUxR7OiVf1z32IrZKjDJZo9EvvvUFCs5hJQwXRuotRaoIpUYZTwWbFXqZZSuiYDFnXUknsnmA6v3gGT60ygFGibEkD5+r3iSmJtZ7Eoe2MiRnp314u/uV1MxPVgimXaWaYpItFUSagSWD+PhxwxagRE0sIVdzeCumIKEKNDaloQ/j6FP5PWp6LkYtv/HL9chlHARyDE3AGMKiCOrgGDdAEFEjwAJ7As6OdR+fFeV20rjjLmSPwA87bJ6lIkEA=</latexit><latexit sha1_base64="PPRBsl4ruXdHINJNpPDvLnxMhh0=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQzIObd0V3bisYB/YDiWTZtrQTGZIMkIp/Qs3LhRx69+482/MtBVU9MCFwzn3cu89YSq4Ngh9OCura+sbm4Wt4vbO7t5+6eCwpZNMUdakiUhUJySaCS5Z03AjWCdVjMShYO1wfJX77XumNE/krZmkLIjJUPKIU2KsdId7hsdMQwz7pTJyL2oVz69A5CJUxR7OiVf1z32IrZKjDJZo9EvvvUFCs5hJQwXRuotRaoIpUYZTwWbFXqZZSuiYDFnXUknsnmA6v3gGT60ygFGibEkD5+r3iSmJtZ7Eoe2MiRnp314u/uV1MxPVgimXaWaYpItFUSagSWD+PhxwxagRE0sIVdzeCumIKEKNDaloQ/j6FP5PWp6LkYtv/HL9chlHARyDE3AGMKiCOrgGDdAEFEjwAJ7As6OdR+fFeV20rjjLmSPwA87bJ6lIkEA=</latexit><latexit sha1_base64="PPRBsl4ruXdHINJNpPDvLnxMhh0=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQzIObd0V3bisYB/YDiWTZtrQTGZIMkIp/Qs3LhRx69+482/MtBVU9MCFwzn3cu89YSq4Ngh9OCura+sbm4Wt4vbO7t5+6eCwpZNMUdakiUhUJySaCS5Z03AjWCdVjMShYO1wfJX77XumNE/krZmkLIjJUPKIU2KsdId7hsdMQwz7pTJyL2oVz69A5CJUxR7OiVf1z32IrZKjDJZo9EvvvUFCs5hJQwXRuotRaoIpUYZTwWbFXqZZSuiYDFnXUknsnmA6v3gGT60ygFGibEkD5+r3iSmJtZ7Eoe2MiRnp314u/uV1MxPVgimXaWaYpItFUSagSWD+PhxwxagRE0sIVdzeCumIKEKNDaloQ/j6FP5PWp6LkYtv/HL9chlHARyDE3AGMKiCOrgGDdAEFEjwAJ7As6OdR+fFeV20rjjLmSPwA87bJ6lIkEA=</latexit>

to                  with  12⇥ 15
<latexit sha1_base64="uZNzYzV638E2Pis1A9XWEo9YQ38=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8hZk1JvEW9OIxgnlAEsLsZDYZMvtgplcISz7DiwdFvPo13vwbZ5MIKlrQUFR1093lxUoaIOTDWVldW9/YzG3lt3d29/YLB4ctEyWaiyaPVKQ7HjNCyVA0QYISnVgLFnhKtL3Jdea374U2MgrvYBqLfsBGofQlZ2ClLnV7IANhML0YFIqkdFmruOUKJiVCqtSlGXGr5fMyplbJUERLNAaF994w4kkgQuCKGdOlJIZ+yjRIrsQs30uMiBmfsJHoWhoyu6efzk+e4VOrDLEfaVsh4Ln6fSJlgTHTwLOdAYOx+e1l4l9eNwG/1k9lGCcgQr5Y5CcKQ4Sz//FQasFBTS1hXEt7K+ZjphkHm1LehvD1Kf6ftNwSJSV6Wy7Wr5Zx5NAxOkFniKIqqqMb1EBNxFGEHtATenbAeXRenNdF64qznDlCP+C8fQI73JCR</latexit><latexit sha1_base64="uZNzYzV638E2Pis1A9XWEo9YQ38=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8hZk1JvEW9OIxgnlAEsLsZDYZMvtgplcISz7DiwdFvPo13vwbZ5MIKlrQUFR1093lxUoaIOTDWVldW9/YzG3lt3d29/YLB4ctEyWaiyaPVKQ7HjNCyVA0QYISnVgLFnhKtL3Jdea374U2MgrvYBqLfsBGofQlZ2ClLnV7IANhML0YFIqkdFmruOUKJiVCqtSlGXGr5fMyplbJUERLNAaF994w4kkgQuCKGdOlJIZ+yjRIrsQs30uMiBmfsJHoWhoyu6efzk+e4VOrDLEfaVsh4Ln6fSJlgTHTwLOdAYOx+e1l4l9eNwG/1k9lGCcgQr5Y5CcKQ4Sz//FQasFBTS1hXEt7K+ZjphkHm1LehvD1Kf6ftNwSJSV6Wy7Wr5Zx5NAxOkFniKIqqqMb1EBNxFGEHtATenbAeXRenNdF64qznDlCP+C8fQI73JCR</latexit><latexit sha1_base64="uZNzYzV638E2Pis1A9XWEo9YQ38=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8hZk1JvEW9OIxgnlAEsLsZDYZMvtgplcISz7DiwdFvPo13vwbZ5MIKlrQUFR1093lxUoaIOTDWVldW9/YzG3lt3d29/YLB4ctEyWaiyaPVKQ7HjNCyVA0QYISnVgLFnhKtL3Jdea374U2MgrvYBqLfsBGofQlZ2ClLnV7IANhML0YFIqkdFmruOUKJiVCqtSlGXGr5fMyplbJUERLNAaF994w4kkgQuCKGdOlJIZ+yjRIrsQs30uMiBmfsJHoWhoyu6efzk+e4VOrDLEfaVsh4Ln6fSJlgTHTwLOdAYOx+e1l4l9eNwG/1k9lGCcgQr5Y5CcKQ4Sz//FQasFBTS1hXEt7K+ZjphkHm1LehvD1Kf6ftNwSJSV6Wy7Wr5Zx5NAxOkFniKIqqqMb1EBNxFGEHtATenbAeXRenNdF64qznDlCP+C8fQI73JCR</latexit><latexit sha1_base64="uZNzYzV638E2Pis1A9XWEo9YQ38=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8hZk1JvEW9OIxgnlAEsLsZDYZMvtgplcISz7DiwdFvPo13vwbZ5MIKlrQUFR1093lxUoaIOTDWVldW9/YzG3lt3d29/YLB4ctEyWaiyaPVKQ7HjNCyVA0QYISnVgLFnhKtL3Jdea374U2MgrvYBqLfsBGofQlZ2ClLnV7IANhML0YFIqkdFmruOUKJiVCqtSlGXGr5fMyplbJUERLNAaF994w4kkgQuCKGdOlJIZ+yjRIrsQs30uMiBmfsJHoWhoyu6efzk+e4VOrDLEfaVsh4Ln6fSJlgTHTwLOdAYOx+e1l4l9eNwG/1k9lGCcgQr5Y5CcKQ4Sz//FQasFBTS1hXEt7K+ZjphkHm1LehvD1Kf6ftNwSJSV6Wy7Wr5Zx5NAxOkFniKIqqqMb1EBNxFGEHtATenbAeXRenNdF64qznDlCP+C8fQI73JCR</latexit>

qra 2 [0, 5]
<latexit sha1_base64="4UsgrG0YeZlpp9mWJu1I3uUVB1k=">AAAB+HicdVDLSgMxFM3UV62PVl26CRbBhQyZOrZ1V3TjsoJ9QDsOmTRtQzOZMckItfRL3LhQxK2f4s6/MdNWUNEDFw7n3Mu99wQxZ0oj9GFllpZXVtey67mNza3tfGFnt6miRBLaIBGPZDvAinImaEMzzWk7lhSHAaetYHSR+q07KhWLxLUex9QL8UCwPiNYG8kv5G99fCNhlwnYQcennl8oIvusWi65ZYhshCpOyUlJqeKeuNAxSooiWKDuF967vYgkIRWacKxUx0Gx9iZYakY4nea6iaIxJiM8oB1DBQ6p8iazw6fw0Cg92I+kKaHhTP0+McGhUuMwMJ0h1kP120vFv7xOovtVb8JEnGgqyHxRP+FQRzBNAfaYpETzsSGYSGZuhWSIJSbaZJUzIXx9Cv8nzZLtINu5cou180UcWbAPDsARcEAF1MAlqIMGICABD+AJPFv31qP1Yr3OWzPWYmYP/ID19glg/JJA</latexit><latexit sha1_base64="4UsgrG0YeZlpp9mWJu1I3uUVB1k=">AAAB+HicdVDLSgMxFM3UV62PVl26CRbBhQyZOrZ1V3TjsoJ9QDsOmTRtQzOZMckItfRL3LhQxK2f4s6/MdNWUNEDFw7n3Mu99wQxZ0oj9GFllpZXVtey67mNza3tfGFnt6miRBLaIBGPZDvAinImaEMzzWk7lhSHAaetYHSR+q07KhWLxLUex9QL8UCwPiNYG8kv5G99fCNhlwnYQcennl8oIvusWi65ZYhshCpOyUlJqeKeuNAxSooiWKDuF967vYgkIRWacKxUx0Gx9iZYakY4nea6iaIxJiM8oB1DBQ6p8iazw6fw0Cg92I+kKaHhTP0+McGhUuMwMJ0h1kP120vFv7xOovtVb8JEnGgqyHxRP+FQRzBNAfaYpETzsSGYSGZuhWSIJSbaZJUzIXx9Cv8nzZLtINu5cou180UcWbAPDsARcEAF1MAlqIMGICABD+AJPFv31qP1Yr3OWzPWYmYP/ID19glg/JJA</latexit><latexit sha1_base64="4UsgrG0YeZlpp9mWJu1I3uUVB1k=">AAAB+HicdVDLSgMxFM3UV62PVl26CRbBhQyZOrZ1V3TjsoJ9QDsOmTRtQzOZMckItfRL3LhQxK2f4s6/MdNWUNEDFw7n3Mu99wQxZ0oj9GFllpZXVtey67mNza3tfGFnt6miRBLaIBGPZDvAinImaEMzzWk7lhSHAaetYHSR+q07KhWLxLUex9QL8UCwPiNYG8kv5G99fCNhlwnYQcennl8oIvusWi65ZYhshCpOyUlJqeKeuNAxSooiWKDuF967vYgkIRWacKxUx0Gx9iZYakY4nea6iaIxJiM8oB1DBQ6p8iazw6fw0Cg92I+kKaHhTP0+McGhUuMwMJ0h1kP120vFv7xOovtVb8JEnGgqyHxRP+FQRzBNAfaYpETzsSGYSGZuhWSIJSbaZJUzIXx9Cv8nzZLtINu5cou180UcWbAPDsARcEAF1MAlqIMGICABD+AJPFv31qP1Yr3OWzPWYmYP/ID19glg/JJA</latexit><latexit sha1_base64="4UsgrG0YeZlpp9mWJu1I3uUVB1k=">AAAB+HicdVDLSgMxFM3UV62PVl26CRbBhQyZOrZ1V3TjsoJ9QDsOmTRtQzOZMckItfRL3LhQxK2f4s6/MdNWUNEDFw7n3Mu99wQxZ0oj9GFllpZXVtey67mNza3tfGFnt6miRBLaIBGPZDvAinImaEMzzWk7lhSHAaetYHSR+q07KhWLxLUex9QL8UCwPiNYG8kv5G99fCNhlwnYQcennl8oIvusWi65ZYhshCpOyUlJqeKeuNAxSooiWKDuF967vYgkIRWacKxUx0Gx9iZYakY4nea6iaIxJiM8oB1DBQ6p8iazw6fw0Cg92I+kKaHhTP0+McGhUuMwMJ0h1kP120vFv7xOovtVb8JEnGgqyHxRP+FQRzBNAfaYpETzsSGYSGZuhWSIJSbaZJUzIXx9Cv8nzZLtINu5cou180UcWbAPDsARcEAF1MAlqIMGICABD+AJPFv31qP1Yr3OWzPWYmYP/ID19glg/JJA</latexit>

(h1,1, h1,2) = (1, 65), . . . , (19, 19)
<latexit sha1_base64="lW2jGix+QFS9NqWOQpGnUuL/QFk="></latexit><latexit sha1_base64="lW2jGix+QFS9NqWOQpGnUuL/QFk="></latexit><latexit sha1_base64="lW2jGix+QFS9NqWOQpGnUuL/QFk="></latexit><latexit sha1_base64="lW2jGix+QFS9NqWOQpGnUuL/QFk="></latexit>

70 distinct Euler characters � 2 [�200, 0]
<latexit sha1_base64="VJwhch5QkegFB/fQUPPsqCHdtqo=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAgutExiaeuu6MZlBfuAJJTJdNoOnUzCzKRQQv/EjQtF3Pon7vwbJ20FFT1w4XDOvdx7T5hwpjRCH9bK6tr6xmZhq7i9s7u3bx8ctlWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTjm9yvzOhUrFY3OtpQoMIDwUbMIK1kXq27ZMR85mA3oWL0DkKenYJla/qVbdShaiMUM1xnZy4tcplBT pGyVECSzR79rvfj0kaUaEJx0p5Dkp0kGGpGeF0VvRTRRNMxnhIPUMFjqgKsvnlM3hqlD4cxNKU0HCufp/IcKTUNApNZ4T1SP32cvEvz0v1oB5kTCSppoIsFg1SDnUM8xhgn0lKNJ8agolk5lZIRlhiok1YRRPC16fwf9J2yw4qO3eVUuN6GUcBHIMTcAYcUAMNcAuaoAUImIAH8ASercx6tF6s10XrirWcOQI/YL19An8jkkM=</latexit><latexit sha1_base64="VJwhch5QkegFB/fQUPPsqCHdtqo=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAgutExiaeuu6MZlBfuAJJTJdNoOnUzCzKRQQv/EjQtF3Pon7vwbJ20FFT1w4XDOvdx7T5hwpjRCH9bK6tr6xmZhq7i9s7u3bx8ctlWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTjm9yvzOhUrFY3OtpQoMIDwUbMIK1kXq27ZMR85mA3oWL0DkKenYJla/qVbdShaiMUM1xnZy4tcplBT pGyVECSzR79rvfj0kaUaEJx0p5Dkp0kGGpGeF0VvRTRRNMxnhIPUMFjqgKsvnlM3hqlD4cxNKU0HCufp/IcKTUNApNZ4T1SP32cvEvz0v1oB5kTCSppoIsFg1SDnUM8xhgn0lKNJ8agolk5lZIRlhiok1YRRPC16fwf9J2yw4qO3eVUuN6GUcBHIMTcAYcUAMNcAuaoAUImIAH8ASercx6tF6s10XrirWcOQI/YL19An8jkkM=</latexit><latexit sha1_base64="VJwhch5QkegFB/fQUPPsqCHdtqo=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAgutExiaeuu6MZlBfuAJJTJdNoOnUzCzKRQQv/EjQtF3Pon7vwbJ20FFT1w4XDOvdx7T5hwpjRCH9bK6tr6xmZhq7i9s7u3bx8ctlWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTjm9yvzOhUrFY3OtpQoMIDwUbMIK1kXq27ZMR85mA3oWL0DkKenYJla/qVbdShaiMUM1xnZy4tcplBT pGyVECSzR79rvfj0kaUaEJx0p5Dkp0kGGpGeF0VvRTRRNMxnhIPUMFjqgKsvnlM3hqlD4cxNKU0HCufp/IcKTUNApNZ4T1SP32cvEvz0v1oB5kTCSppoIsFg1SDnUM8xhgn0lKNJ8agolk5lZIRlhiok1YRRPC16fwf9J2yw4qO3eVUuN6GUcBHIMTcAYcUAMNcAuaoAUImIAH8ASercx6tF6s10XrirWcOQI/YL19An8jkkM=</latexit><latexit sha1_base64="VJwhch5QkegFB/fQUPPsqCHdtqo=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAgutExiaeuu6MZlBfuAJJTJdNoOnUzCzKRQQv/EjQtF3Pon7vwbJ20FFT1w4XDOvdx7T5hwpjRCH9bK6tr6xmZhq7i9s7u3bx8ctlWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTjm9yvzOhUrFY3OtpQoMIDwUbMIK1kXq27ZMR85mA3oWL0DkKenYJla/qVbdShaiMUM1xnZy4tcplBT pGyVECSzR79rvfj0kaUaEJx0p5Dkp0kGGpGeF0VvRTRRNMxnhIPUMFjqgKsvnlM3hqlD4cxNKU0HCufp/IcKTUNApNZ4T1SP32cvEvz0v1oB5kTCSppoIsFg1SDnUM8xhgn0lKNJ8agolk5lZIRlhiok1YRRPC16fwf9J2yw4qO3eVUuN6GUcBHIMTcAYcUAMNcAuaoAUImIAH8ASercx6tF6s10XrirWcOQI/YL19An8jkkM=</latexit>

195 have freely acting symmetries, 37 different finite groups
Z2

<latexit sha1_base64="OY22y8Jmy9ikqVW7rXUcsUyfqMs=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZwT6wM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiVk9TGsR4JFjECNZG8v0Y63EY5nezgTuoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnV/2R4Q==</latexit><latexit sha1_base64="OY22y8Jmy9ikqVW7rXUcsUyfqMs=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZwT6wM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiVk9TGsR4JFjECNZG8v0Y63EY5nezgTuoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnV/2R4Q==</latexit><latexit sha1_base64="OY22y8Jmy9ikqVW7rXUcsUyfqMs=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZwT6wM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiVk9TGsR4JFjECNZG8v0Y63EY5nezgTuoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnV/2R4Q==</latexit><latexit sha1_base64="OY22y8Jmy9ikqVW7rXUcsUyfqMs=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZwT6wM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiVk9TGsR4JFjECNZG8v0Y63EY5nezgTuoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnV/2R4Q==</latexit>

from        to Z8 oH8
<latexit sha1_base64="55i6G+uWwgOAAv/YAc5+QgP5wvk=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5DU0MZd0U2XFewDmxAm00k7dPJgZiKUUDf+ihsXirj1L9z5N07aCip6YOBwzr1z7z1ByqiQpvmhLS2vrK6tlzbKm1vbO7v63n5HJBnHpI0TlvBegARhNCZtSSUjvZQTFAWMdIPxZeF3bwkXNImv5SQlXoSGMQ0pRlJJvn7oRkiOgiC/mfoOdLmkERGw6Tu+XjGNc6dWtWvQNEyzblWtglTr9pkNLaUUqIAFWr7+7g4SnEUklpghIfqWmUovR+pLzMi07GaCpAiP0ZD0FY2RGuTlswum8EQpAxgmXL1Ywpn6vSNHkRCTKFCVxb7it1eIf3n9TIaOl9M4zSSJ8XxQmDEoE1jEAQeUEyzZRBGEOVW7QjxCHGGpQiurEL4uhf+TTtWwTMO6siuNi0UcJXAEjsEpsEAdNEATtEAbYHAHHsATeNbutUftRXudly5pi54D8APa2ycM35af</latexit><latexit sha1_base64="55i6G+uWwgOAAv/YAc5+QgP5wvk=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5DU0MZd0U2XFewDmxAm00k7dPJgZiKUUDf+ihsXirj1L9z5N07aCip6YOBwzr1z7z1ByqiQpvmhLS2vrK6tlzbKm1vbO7v63n5HJBnHpI0TlvBegARhNCZtSSUjvZQTFAWMdIPxZeF3bwkXNImv5SQlXoSGMQ0pRlJJvn7oRkiOgiC/mfoOdLmkERGw6Tu+XjGNc6dWtWvQNEyzblWtglTr9pkNLaUUqIAFWr7+7g4SnEUklpghIfqWmUovR+pLzMi07GaCpAiP0ZD0FY2RGuTlswum8EQpAxgmXL1Ywpn6vSNHkRCTKFCVxb7it1eIf3n9TIaOl9M4zSSJ8XxQmDEoE1jEAQeUEyzZRBGEOVW7QjxCHGGpQiurEL4uhf+TTtWwTMO6siuNi0UcJXAEjsEpsEAdNEATtEAbYHAHHsATeNbutUftRXudly5pi54D8APa2ycM35af</latexit><latexit sha1_base64="55i6G+uWwgOAAv/YAc5+QgP5wvk=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5DU0MZd0U2XFewDmxAm00k7dPJgZiKUUDf+ihsXirj1L9z5N07aCip6YOBwzr1z7z1ByqiQpvmhLS2vrK6tlzbKm1vbO7v63n5HJBnHpI0TlvBegARhNCZtSSUjvZQTFAWMdIPxZeF3bwkXNImv5SQlXoSGMQ0pRlJJvn7oRkiOgiC/mfoOdLmkERGw6Tu+XjGNc6dWtWvQNEyzblWtglTr9pkNLaUUqIAFWr7+7g4SnEUklpghIfqWmUovR+pLzMi07GaCpAiP0ZD0FY2RGuTlswum8EQpAxgmXL1Ywpn6vSNHkRCTKFCVxb7it1eIf3n9TIaOl9M4zSSJ8XxQmDEoE1jEAQeUEyzZRBGEOVW7QjxCHGGpQiurEL4uhf+TTtWwTMO6siuNi0UcJXAEjsEpsEAdNEATtEAbYHAHHsATeNbutUftRXudly5pi54D8APa2ycM35af</latexit><latexit sha1_base64="55i6G+uWwgOAAv/YAc5+QgP5wvk=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5DU0MZd0U2XFewDmxAm00k7dPJgZiKUUDf+ihsXirj1L9z5N07aCip6YOBwzr1z7z1ByqiQpvmhLS2vrK6tlzbKm1vbO7v63n5HJBnHpI0TlvBegARhNCZtSSUjvZQTFAWMdIPxZeF3bwkXNImv5SQlXoSGMQ0pRlJJvn7oRkiOgiC/mfoOdLmkERGw6Tu+XjGNc6dWtWvQNEyzblWtglTr9pkNLaUUqIAFWr7+7g4SnEUklpghIfqWmUovR+pLzMi07GaCpAiP0ZD0FY2RGuTlswum8EQpAxgmXL1Ywpn6vSNHkRCTKFCVxb7it1eIf3n9TIaOl9M4zSSJ8XxQmDEoE1jEAQeUEyzZRBGEOVW7QjxCHGGpQiurEL4uhf+TTtWwTMO6siuNi0UcJXAEjsEpsEAdNEATtEAbYHAHHsATeNbutUftRXudly5pi54D8APa2ycM35af</latexit>

Braun (2010)

Candelas, He, Hübsch, Lutken, Lynker, 
Schimmrigk, Berglund (1986-1990)

0  h1,1  19 , 0  h1,2  101
<latexit sha1_base64="f547IlHJ85QLry5s+ik9FI8u5jI="></latexit><latexit sha1_base64="f547IlHJ85QLry5s+ik9FI8u5jI="></latexit><latexit sha1_base64="f547IlHJ85QLry5s+ik9FI8u5jI="></latexit><latexit sha1_base64="f547IlHJ85QLry5s+ik9FI8u5jI="></latexit>



CICY Hodge Numbers
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Figure 1: The Hodge numbers of the CICY manifolds. The horizontal axis corresponds

to � = 2(h11�h21), while the vertical axis corresponds to h11+h21. While inappropriate

to the CICY’s the scale of the plot corresponds to the plots that come later.

The first thing to note is that a weighted projective space is an orbifold of an ordinary

projective space. This is seen most easily by setting xj = y
kj
j , so that the scaling relation

becomes (y1, . . . , y5) ' l(y1, . . . , y5), however we must also identify yj ' e2⇡i/kjyj. Thus

we have

P4
k =

P4

Zk1⇥ . . .⇥ Zk5

,

so hypersurfaces in weighted projective spaces are a type of hybrid between the hypersurfaces

in ordinary projective spaces and the orbifolds. We may seek to construct CY hypersurfaces

by choosing a polynomial, p(x), homogeneous of degree d =
P

j kj, under the scaling. It

seems that there will be many possible choices of weights, since we can choose the weights,

and these determine d. There are indeed many ways to choose the weights, but the number

3

Candelas (2012)

CICY Hodge Numbers



Feedforward Neural Networks
Input vector

Neuron

Schematic representation of  feedforward neural network. The top figure denotes the perceptron (a single neuron), 
the bottom, the multiple neurons and multiple layers of  the neural network.



Support Vector Machines

SVM separation boundary calculated using our cvxopt implementation with a randomly generated data set.



Genetic Algorithms

Generate inital population
Evaluate score for each 

entry in population

Create new population by

selection, breeding and 

mutation

Used to fix hyperparameters (e.g., number of  hidden layers and neurons in them, activation functions, learning 
rates and dropout) in neural network.



Machine Learning h1,1

• Since we know                                  from intersection matrix, we choose to 
machine learn 

� = 2(h1,1 � h1,2)
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h1,1 2 [0, 19]
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• Use Neural Network classifier/regressor and SVM regressor

Bull, He, VJ, Mishra (2018)

• Previous efforts discriminated large and small h1,1
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Machine Learning h1,1

a sigmoid activation. Each data run (training and validation) executed on a laptop computer

using a CPU in under ten minutes.

Figure 1: Hodge learning curves generated by averaging over 100 di↵erent random cross validation

splits using a cluster. The accuracy quoted for the 19 channel (since h
1,1 2 [1, 19]) neural network

classifier is for complete agreement across all 19 channels.

Accuracy RMS R2
WLB WUB

SVM Reg 0.70 ± 0.02 0.53± 0.06 0.78 ± 0.08 0.642 0.697

NN Reg 0.78 ± 0.02 0.46 ± 0.05 0.72 ± 0.06 0.742 0.791

NN Class 0.88 ± 0.02 - - 0.847 0.886

Table 2: Summary of the highest validation accuracy achieved for predicting the Hodge numbers.

WLB (WUB) stands for Wilson Upper (Lower) Bound. The dashes are because the NN classifer

returns a binary 0/1 but RMS and R
2 are defined for continuous outputs. We also include 99%

Wilson confidence interval evaluated with a validation size of 0.25 the total data (1972). Errors

were obtained by averaging over 100 di↵erent random cross validation splits using a cluster.

4.1.2 Outcomes

Our results are summarised in Figures 1 and 2 and in Table 2. Clearly, the validation accuracy

improves as the training set increases in size. The histograms in Figure 2 show that the model

slightly overpredicts at larger values of h1,1.

We contrast our findings with the preliminary results of a previous case study by one of the

authors [1,2] in which a Mathematica implemented neural network of the multi-layer perceptron
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A CICY quotient might admit further discrete symmetries that survive the breaking of the

string gauge group to the Standard Model gauge group. These in particular are phenomeno-

logically interesting since they may address questions related to the stability of the proton via

R-symmetries and the structure of the mixing matrices via non-Abelian discrete symmetries.

A classification of the remnant symmetries of the 1695 CICY quotients found that 381 of them

had nontrivial remnant symmetry groups [12], leading to a more balanced dataset based on

symmetry. We will however focus on the first symmetry dataset available at [23] purely on the

grounds that the size of the dataset is itself much larger than the latter dataset.

3 Benchmarking Models

In order to benchmark and compare the performance of each machine learning approach we

adapt in this work, we use cross validation and a range of other statistical measures. Cross

validation means we take our entire data set and split it into training and validation sets. The

training set is used to train models whereas the validation set remains entirely unseen by the

machine learning algorithm. Accuracy measures computed on the training set thus give an indi-

cation of the model’s performance in recalling what it has learned. More importantly, accuracy

measures computed against the validation set give an indication of the models performance as

a predictor.

For regression problems we make use of both root mean square error (RMS) and the coe�-

cient of determination (R2) to assess performance:

RMS :=

 
1

N

NX

i=1

(ypredi � yi)
2)

!1/2

, R
2 := 1�

P
i(yi � y

pred
i )2P

i(yi � ȳ)2
, (3)

where yi and y
pred
i stand for actual and predicted values, with i taking values in 1 to N , and ȳ

stands for the average of all yi. A rudimentary binary accuracy is also computed by rounding

the predicted value and counting the results in agreement with the data. As this accuracy is

a binary success or failure, we can use this measure to calculate a Wilson confidence interval.

Define
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p+ z2

2n

1 + z2
n
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n

✓
p(1� p)

n
+

z
2

4n2
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where p is the probability of a successful prediction, n the number of entries in the dataset, and

z the probit of the normal distribution (e.g., for a 99% confidence interval, z = 2.575829). The

upper and the lower bounds of this interval are denoted by WUB and WLB respectively.

For classifiers, we have addressed two distinct types of problems in this paper, namely

balanced and imbalanced problems. Balanced problems are where the number of elements in

the true and false classes are comparable in size. Imbalanced problems, or the so called needle
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Bull, He, VJ, Mishra (2018)



Machine Learning h1,1

Figure 2: The frequencies of h1,1 as 19 channels (validation sets of size 20% and 80% respectively

of the total data), for the neural network classifier (top row) and regressor (middle row) and the

SVM regressor (bottom row).
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NN classifier

NN regressor

SVM regressor

20% 80%

Bull, He, VJ, Mishra (2018)



Favorability
• A CICY is favorable if  its second cohomology class descends from that of  

the ambient space A = Pn1 ⇥ · · ·⇥ Pnm
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• 4874 out of  7980 CICY configuration matrices are favorable

• i.e., h1,1 = Number of Pns
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• Favorable CICYs amenable to construction of  stable vector bundles and 
monad bundles in string model building

• Use Neural Network and SVM to test whether manifolds are favorable

• This is a binary test

this is 61%



Favorability

Bull, He, VJ, Mishra (2018)

portion after training. In [1] there were a total of 1808 errors, so assuming the training set

was perfectly learned (reasonable as training accuracy can be arbitrarily high with overfitting),

this translates to a validation accuracy of 0.37. For the same sized cross validation split, we

obtain a validation accuracy of 0.81± 0.01, a significant enhancement. Moreover, it should be

emphasized that whereas [1,2] did a binary classification of large vs. small Hodge numbers, here

the actual Hodge number h1,1 is learned, which is a much more sophisticated task.

4.2 Machine Learning Favourable Embeddings

Figure 3: Learning curves for testing favourability of a CICY.

Accuracy WLB WUB

SVM Class 0.933 ± 0.013 0.867 0.893

NN Class 0.905 ± 0.017 0.886 0.911

Table 3: Summary of the best validation accuracy observed and 99% Wilson confidence boundaries.

WLB (WUB) stands for Wilson Upper (Lower) Bound. Errors were obtained by averaging over 100

random cross validation splits using a cluster.

Following from the discussion in Section 2, we now study the binary query: given a CICY

threefold configuration matrix (1), can we deduce if the CICY is favourably embedded in

the product of projective spaces? Already we could attempt to predict if a configuration is

favourable with the results of Section 4.1 by predicting h
1,1 explicitly and comparing it to the

number of components of A. However, we rephrase the problem as a binary query, taking the

CICY configuration matrix as the input and return 0 or 1 as the output.

9

Accurate and very fast!



Discrete Symmetries
• Does a CICY enjoy a freely acting discrete symmetry?

• Useful for introducing Wilson lines to break GUT to Standard Model

• 195 of  the CICYs have freely acting symmetries; 31 distinct groups, largest 
of  order 32; 1695 CICY quotients possible

• 2.5% of  the total dataset 



Rare Results

• Suppose we are searching for a rare property within a dataset; perhaps it is 
there ~ 0.1% of  the time

• A program that reports NO all the time is 99.9% accurate

• For needle in a haystack problems, accuracy is not a suitable benchmark

• Use SMOTE to increase rare entries by synthetically creating new ones

• So far, we have used accuracy of  results to benchmark success

• It is also completely useless!

(For our problem this turns out not to help a whole lot)



Better Metrics of  Success
• Define confusion matrix

• From this, we construct

Actual

True False

Predicted True True Positive (tp) False Positive (fp)

Classification False False Negative (fn) True Negative (tn)

Table 1: Confusion matrix.

in a haystack, are the opposite case. It is important to make this distinction, since models

trained on imbalanced problems can easily achieve a high accuracy, but accuracy would be a

meaningless metric in this context. For example, consider the case where only ⇠ 0.1% of the

data is classified as true. In minimising its cost function on training, a neural network could

naively train a model which just predicts false for any input. Such a model would achieve a

99.9% accuracy, but it is useless in finding the special few cases that we are interested in. A

di↵erent measure is needed in these cases. For classifiers, the possible outcomes are summarised

by the confusion matrix of Table 1, whose elements we use to define several performance metrics:

TPR :=
tp

tp+ fn
, FPR :=

fp

fp+ tn
, (5)

Accuracy :=
tp+ tn

tp+ tn+ fp+ fn
, Precision :=

tp

tp+ fp
.

where, TPR (FPR) stand for True (False) Positive Rate, the former also known as recall. For

balanced problems, accuracy is the go-to performance metric, along with its associated Wilson

confidence interval. However, for imbalanced problems, we use F -values and AUC. We define,

F :=
2

1
Recall +

1
Precision

, (6)

while AUC is the area under the receiver operating characteristic (ROC) curve that plots TPR

against FPR. F -values vary from 0 to 1, whereas AUC ranges from 0.5 to 1. We will discuss

these in greater detail in Section 4.3.2.

4 Case Studies

We conduct three case studies over the CICY threefolds. Given a CICY threefold X, we

explicitly try to learn the topological quantity h
1,1(X), the Hodge number that captures the

dimension of the Kähler structure moduli space of X. We then attempt a (balanced) binary

query, asking whether a given manifold is favourable. Finally, we attempt an (imbalanced)

binary query about whether a CICY threefold X, admits a quotient X/G by a freely acting

discrete isometry group G.

5

TPR :=
tp

tp+ fn
FPR :=

fp

fp+ tn

Accuracy :=
tp+ tn

tp+ tn+ fp+ fn
Precision :=

tp

tp+ fp
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• Then F-value is

• Area Under R(eceiver) O(perating) C(haracteristic) Curve [AUC] plots TPR 
against FPR; this is between 0.5 and 1

F :=
2

1
TPR + 1

Precision

2 [0, 1]
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ROC Curve



4.3.3 Outcomes

Optimal SVM hyperparameters were found by hand to be a Gaussian kernel with � = 7.5, C = 0.

A genetic algorithm found the optimal neural network architecture to be three hidden layers

with 287, 503, and 886 neurons, with ReLU activations and a dropout of 0.4914 in between

each layer.

Figure 5: ROC and F -curves generated for both SVM and neural network for several SMOTE

values by sweeping thresholds and averaging over 100 di↵erent random cross validation splits. Here

we present results after the models have been trained on 80% of the the training data. Shading

represents possible values to within one standard deviation of measurements.

Results are summarised in Table 4 and Figure 5. As we sweep the output threshold, we

sweep through the extremes of classifying everything as true or false, giving the ROC curve

its characteristic shape. This also explains the shapes of the F -value graphs. For everything

classified false, tp, fp ! 0, implying the F -value blows up, hence the diverging errors on the

right side of the F -curves. For everything classified true, fp � tp (as we only go up to SMOTE

500 with 195 true entries and use 80% of the training data, this approximation holds). Using

a Taylor expansion F ⇡ 2tp/fp = 2 ⇥ 195/7890 = 0.049. This is observed on the left side of

the F -curves. In the intermediate stage of sweeping, there will be an optimal ratio of true and
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ROC Curve & F-values

Bull, He, VJ, Mishra (2018)

SMOTE SVM AUC SVM max F NN AUC NN max F

0 0.77 ± 0.03 0.26 ± 0.03 0.60 ± 0.05 0.10 ± 0.03

100 0.75 ± 0.03 0.24 ± 0.02 0.59 ± 0.04 0.10 ± 0.05

200 0.74 ± 0.03 0.24 ± 0.03 0.71 ± 0.05 0.22 ± 0.03

300 0.73 ± 0.04 0.23 ± 0.03 0.80 ± 0.03 0.25 ± 0.03

400 0.73 ± 0.03 0.23 ± 0.03 0.80 ± 0.03 0.26 ± 0.03

500 0.72 ± 0.04 0.23 ± 0.03 0.81 ± 0.03 0.26 ± 0.03

Table 4: Metrics for predicting freely acting symmetries. Errors were obtained by averaging over

100 random cross validation splits using a cluster.

false positives, leading to a maximum of the F -value. We found that SMOTE did not a↵ect

the performance of the SVM. Both F -value and ROC curves for various SMOTE values are

all identical within one standard deviation. As the cost variable for the SVM C = 0 (ensuring

training leads to a global minimum), this suggests that the synthetic entries are having no e↵ect

on the generated hypersurface. The distribution of points in feature space is likely too strongly

limiting the possible regions synthetic points can be generated. However, SMOTE did lead to a

slight performance boost with the neural network. We see that SMOTEs larger than 300 lead

to diminishing returns, and again the results were quite poor, with the largest F -value obtained

being only 0.26. To put this into perspective, the optimal confusion matrix values in one run for

this particular model (NN, SMOTE 500) were tp = 30, tn = 1127, fp = 417, fn = 10. Indeed,

this model could be used to shortlist 447 out of the 1584 for further study, but 417 of them are

falsely predicted to have a symmetry and worse still this model misses a quarter of the actual

CICYs with a symmetry.

Identifying the existence and the form of freely acting discrete symmetries on a Calabi–Yau

geometry is a di�cult mathematical problem. It is therefore unsurprising that the machine

learning algorithms also struggle when confronted with the challenge of finding a rare feature

in the dataset.

5 Discussion

In this study, continuing with the paradigm in and improving upon the results of [1, 2], we

utilise neural networks and Support Vector Machines (SVMs) to machine learn various ge-

ometric properties of CICY threefolds. Neural networks were implemented using the Keras

Python package with TensorFlow backend. SVMs were implemented by using the quadratic

programming Python package Cvxopt to solve the SVM optimisation problem. To benchmark

the performance of each model we use cross validation and take a variety of statistical measures

where appropriate, including accuracy, Wilson confidence interval, F -values, and the area under
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SMOTE 100 doubles the minority class, SMOTE 200 triples the minority class, etc.

SMOTE doesn’t help SVM, helps Neural Network somewhat

Identifying geometries with discrete symmetries is a challenging problem

Shortlist 447 out of  1584 for further study; 417 of  these are false positives; missed  
  a quarter of  manifolds with symmetries
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Summary
• We have found new patterns in distribution of  Hodge numbers in Kreuzer–

Skarke dataset of  reflexive polytopes

• We have applied machine learning to identify features of  CICY threefolds

• In particular, we predict Hodge numbers with neural networks and support 
vector machines

• We interrogate whether geometries have discrete symmetries

• We test favorability as a property of  CICY geometries

• Quick diagnostic tools for shortlisting geometries



Quo Vadis?

The Good

The Bad

The Possibly 
Beautiful

During the last 10-15 years, several international collaborations 
have computed geometrical and physical quantities and compiled 
them in vast databases that partially describe the string landscape

Computations are hard, especially for a comprehensive treatment:  
dual cone algorithm (exponential), triangulation (exponential), 
Gröbner basis (double exponential), how to construct stable bundles 
over Calabi–Yau manifolds constructed from half  a billion polytopes?

Borrow techniques from “Big Data”



Prospectus
• Apply these ideas to study Kreuzer–Skarke dataset of  reflexive polytopes 

and toric Calabi–Yau geometries constructed therefrom

• Extend analysis to CICY and toric fourfolds for F-theory model building

• Algebraic geometry and its intersection with physics is a wonderful 
landscape to explore with this new paradigm

• Swiss cheese geometries for cosmological model building

• Machine learn the Standard Model in string constructions

• How does the black box learn semantics without syntax?



Thank you!


